ON k-PERIODIC SYSTEMS OF LINEAR EQUATIONS

BY
I. M. SHEFFER

1. Introduction. We shall be interested, in this work, in certain cases of
the system of equations

1.1 A: Cnoxn F GrZnprF o = Ca n=0/1,2,---)

in the infinitely many unknowns %o, %1, - + - , cases that we shall refer to as
k-periodic systems, with or without perturbation terms. System (1.1) is char-
acterized by the coefficient array {a,.j} , or equally well by the sequence of
functions {A,,(t)}, n=0,1, - - -, defined by

1.2) An()) = 2 aniti (m=0,1,--).
=0
In the cases that concern us the series (1.2) will have nonzero radii of con-
vergence.
DEFINITION. A system <A of form (1.1) is a k-periodic system if the coeffi-
cients repeat themselves in blocks of k rows; in other words, if

(1'3) A"+ik(t)=A"(t) (i=0» 17"'1k—1;j=0v 17"')°

A k-periodic system has the form
(1.49) A D GieKirirer =Cire (E=0,1,---, k—1;7=0,1,---).
reQ

Such a system is completely determined by knowledge of the % functions,
Ao(t), -+ -, Ar(t). Observe that a k-periodic system need not have % as a
primitive period.

It is time to say something about the kind of solution that we seek. To
this end we state the following definition.

DEFINITION. By the type of a sequence {x.} is meant the number ((x,))
defined by

(1.5) ((#4)) = lim sup [ Zn ]"".
n—cw

It is clear that if the functions 4;(¢), j=0, 1, - - -, k—1, are analytic in
Itl <g, then the series on the left of (1.4) all converge if ((x.)) =g¢; in fact,
convergence takes place when ((x,)) <p, where p is the smallest radius of
convergence of functions { A,,(t)}. We shall look for solutions of type not
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exceeding ¢. For sequences {x,.} with ((x,)) =g, it is readily found that {c,.}
given by (1.4) satisfies the condition ((¢.)) =¢; so this condition will be im-
posed on {c,}.

The k-periodic system with perturbations is formed from (1.4) by adding in
terms with coefficients {ay;}:

0

(1.6) A+ A Y (air+ a?+ik.r)xi+ik+r = Ciykj

r=0

(i=01---,k—1;7=0,1,---),

where the numbers {a};} are small relative to {a,;}. The precise conditions to
be placed on {a,,j} and {a,’f,-} will be specified in §§2 and 5 respectively.

System (1.6), for the case k=1, arose in extending and precising a work
of Poincaré(!) on certain difference equations, and was given a complete and
elegant treatment by Perron(?)(3). The treatment of the general case in the
present paper uses the methods of Perron where possible; but these methods
must be augmented by new ones in order to carry out successfully the present
program.

In §2 it is shown how a system of type (1.1) can be transformed by means
of a G-transformation into a new system. When applied to a k-periodic system,
it gives rise to a determinant function A 4(f) whose zeros (which occur in nests
of k zeros each) are shown eventually to determine the number of solutions
of the original system. More immediately, however, the G-transformation
carries the system into a one-periodic system, to which the Perron theory
applies. But this new system is not in general equivalent to the original: it
usually has more solutions than has the original, and it is no easy matter to
sort out the true solutions from the overabundance of solutions given by the
new system.

To achieve this aim of obtaining the true solutions, we turn in §3 to the
problem of factoring a k-periodic system 4. Such factorization is always pos-
sible, and it is shown that each factor has a determinant function related to
A4(f) but much simpler in that its zeros consist of a single nest taken from the
nests possessed by A,(¢). By this factorization process the true number of
linearly independent solutions of (1.4) is determined as the number of nests
(of zeros) of A(2).

In §4 certain algebraic properties of factoring are examined, and this
leads to a new, simpler representation of the k-periodic system <A as a product
of factors. The case of a system with perturbations is the subject matter of the

(*) H. Poincaré, Sur les equations linéaires aux différentielles ordinaires et aux différences
finies, Amer. J. Math. vol. 7 (1885) pp. 203-258.

(@ O. Perron, Uber Summengleichungen und Poincarésches Differenzengleichungen, Math.
Ann. vol. 84 (1921) pp. 1-15.

(®) Milne-Thomson, The calculus of finite differences, London, Macmillan, 1933. Chapter
17 is given over to an English translation of the paper of Perron.



246 I. M. SHEFFER [March

next two sections. In §5 it is shown that a perturbation system can also be
factored in the case that no two nests of zeros of A,(¢) have the same absolute
value. From this factorization it is then possible to solve completely the cor-
responding system of equations (1.6), by treating the simple factors sepa-
rately. Finally, in §6, without benefit of the factorization of §5, a complete
solution of system (1.6) is found 4n every case; but lacking this factorization,
the work is correspondingly more complicated.

2. The G-transformation. Consider the general system of form (1.1) (and
therefore not necessarily periodic):

2.1 A Y njdnri = Cn n=01--.),
i=0 _

and let {g;;} be an array of constants. Multiply the equations of (2.1) respec-

tively by goo, go1, * * * » £on, * + - and add. Then multiply equations (2.1)

(save the Oth) by gi, gu, - * - and add; then (save the Oth and 1st) by gj,

ga, * + + , and so on. There results the system

(2.2) Q/IO: E hnixn+i = Cf,u n = 01 19 R

i=0

where formally

(2.3) Cn = Z 8niCn+{
=0
and
(2.4) Ho(®) = 22 hast’ = 2 gaitidnsi(2).
s =0

Here {A.(t)} is defined by

L]
(2.5) An()) = 2 aqith.
i=0
System <A g, given by (2.2), we term the G-transform(%) of system oA.
So far the G-transform is purely formal; the series defining {c,! } need not
even converge. The following theorem gives a sufficient condition for the
validity of the transformation.

THEOREM 2.1. Let the functions {A,.(t)}, {G,.(t)} be analytic in |tl <gq,
where {A.(1)} is given by (2.5) and {G.(t)} by

(2.6) Ga(t) = z‘o:g,.itf (n=0,1,--.).
7=0

(%) The G-transform can also be applied to the system Y _%0aai%j=¢cs, #=0, 1, - - - , but
this does not concern us here.



1948] k-PERIODIC SYSTEMS OF LINEAR EQUATIONS 247

To every € >0 let there correspond a positive number & =08(e) such that

(2.7 ((Ang+8) <14¢  (Grlg+ ) <14¢
where
(2.8) 450 = Sl G0 = Z::I gni| £

Then for all {x.} with ((x.)) <gq, the series on the left of (2.1) converge to a
sequence {cn} for which ((c.)) Sq; sequence {cd} of (2.3) also exists and is of
type not exceeding q; and {x.} satisfies (2.2). Moreover, the functions {H.(2)}
are analytic in |t| =g, and have the further property that

(Hug+N) <1+
where Hy(t) = D o | hajl tF and N=\(e).

REMARK. Theorem 2.1 shows that system (2.2) is, under appropriate con-
ditions, a consequence of (2.1). In general, however, we shall see later that
system (2.1) is not implied by (2.2): the two systems are not equivalent.

We proceed to the proof of Theorem 2.1. Let ((x,)) <¢. To >0 cor-
responds a K; such that Ix,.l =<K,(g+e)", and te e2>0 correspond 8, and M,
such that A4.%(g+0:) <M3:(142e:)". Using the Cauchy inequality for power
series coefficients, we find that |a,.j| = My(142€5)™- (¢4 82)~7, so (for € chosen
less than &,) Zf_ol a”;x"+j| converges to a sum not exceeding C[(¢g+e)
-(142e2)]* (C=constant). This shows that sequence {c,} exists and that
((en)) =¢.

One likewise establishes that l g,.jl = M;3(1+42€3)"(q+03)~7, where €,>0 is
arbitrary and Mj, 8; are positive numbers depending on €, and that {c. }
exists, with ((c4)) =g¢. It is then a straightforward argument to establish the
remaining assertions of the theorem.

Now consider the k-periodic system

(29) C/{: Zairxi+ik+r=ci+ik (1'=01 1v'°'vk_ l;j=01 lr 21"');

ra=(
where the functions A(f), - - -, Ax-1(¢) are analytic in |t| =q (¢>0), and
where

(2.10) A4;0) =0 G=0,1,---,k—1).
We introduce the determinant function

Ao A0 As(?) cee Ara(h)
(2.11) Ault) = Ao(wt)  wAy(wf) w?Aa(wt) . oo P14 (wt) ’

@ s s s e o e e s s s e s s s 6 e s s e e s s e e e e e

Ao 1) U (P Y)W BEDA () - DL, ()
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where w is a kth root of unity:

(2.12) w = eilk (= (— 1)V3,
COROLLARY 2.1. The quantity A4(0) is not zero.
For,

A4(0) = A¢(0) - - - Ar1(0)-V,

where Vis a Vandermond determinant in the k distinct quantities 1, w, « - -,
w*1, We also have the following theorem.

THEOREM 2.2. For f=0,1, - - -, k—1,
(2.13) Au(o’t) = Au(2),
so the power series expansion of As(t) contains only powers of t*.

It suffices to establish (2.13) for f=1. Multiply the jth column of A4(t) by
wi, =0, 1, .., k—1, obtaining a determinant of value w™A4(f) with
m=Fk(k—1)/2. Replace ¢ by wt in every element of the new determinant. It
is then seen that w™A,(wt) is the value of a determinant obtained from A4(¢)
by shifting each row up one (the top row going to the bottom). Hence
w™A 4 (wt) = (—1)*1A4(t), and since w™=(—1)*"1 we conclude that A,(wt)
=A4(2).

Let P(¢) be the polynomial of zeros of As(t) in |t| =gq. That is, P(t)=1 if
A4(t) has no zeros in |t| =<gq; and if A4 has the zeros ai, : + +, am there
(multiple zeros counted multiply), then

m

P@t)=I] (¢t = ).

=1
We may then write
As(H) = P(A*(9)

where A*(f) is analytic and without zeros in |t| =gq. From (2.13) we deduce
the following corollary.

COROLLARY 2.2. For f=0,1, - - -, k—1,
(2.14) P(w'f) = P().

The zeros of P(t) (which is to say of A4(f)) can therefore be grouped into
nests of k each, such that if « is a zero, then the other zeros of the same nest
are wa, f=1, - - -, k—1. And if @ is of multiplicity p, then « occurs in pre-
cisely p nests, and every pair of these nests contain the same zeros. The total
number m of zeros of A4(t) in |t| <q is a multiple of k: m=Ik.

We now consider a G-transformation applied to system <4 of (2.9). Let
{H.(t)} be a sequence of functions, analyticin | t| =g, satisfying the condition
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(2.15) H,.k+,'(t)=H,'(l) (j=0, 1,---,k—1;2=0, 1,"‘),
and such that

Ha(8) = P(£)Qa(?)
where Q.(2) is analytic in [t] =gq. Suppose the order of indices 0,1, : - -, k—1
in (2.11) is permuted cyclically to r, r+1, - - - , r+%k—1. (mod k), obtaining
a determinant A (f) (r=0 corresponding to A4(f) itself). Then

A7) = A4,

as is readily shown(5).

In AQ(t), replace the sth column (s=0, 1,---, k—1) by H,(),
H,(wt), - - -, H(w* ), and denote the resulting determinant by A, ,(¢; H,).
Now define the functions N, ,(¢) as follows:

Ar.n(t; Hr)

(2.16) Are(2) =_W (r,s=0,1,-+-+,k—1);

(2.17) Miris(d) = Njs(d) G,s=01,---,k—1;2=0,1,2,--+).
From the last property assumed for { H,(£) } it is clear that the zeros of A4(f)

are cancelled out by each numerator, so that the functions {)\,-,,-(t)} are
analytic in |t| <g. If we then define {G.(f)} by. the relations

(2.18) Ga.() = Ekn.;(t).

we see that G,(f) is also analytic in |¢| <g, and that
(2'19) G"k-l-i(t):Gi(t) (j=0) 1;""k_1;n=0v 11 21"')'

The sequences {A,.(t)}, {G,.(t)} fulfill the conditions (2.7) of Theorem
2.1, so {G,..(t) } determines a G-transformation on system 4. We now further
specialize {Hn(t)} by choosing Q.(f) =1, so that

(2.20) H.() = P(t) (n=0,1,--+),
and we examine the corresponding G-transformation.

THEOREM 2.3. Given the k-periodic system (2.9), where A;(t) (j=0,1, - - -,
k—1) is analytic in |t| <q, with 4;(0)0, and with ((c.)) <q. Let {H.()}
be defined by (2.20), and {G.()} by (2.18), so that (2.19) holds. Then the
hypotheses of Theorem 2.1 are satisfied, and the resulting G-transform of (2.9)
is the one-periodic system

(5) For: Multiply the respective rows of A by 1, o, &, -« -, @*r and interchange
columns until the natural order of indices is restored. It is then seen, on cancelling a common
factor +£1 on both sides, that A (f) =A4(f).
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2.21) P potat prtmprt oo F putmm = (1=0,1,--),
where
P(t) = po+ put* + - - - + puttt (pne = 1),

and where {c,} is given by (2.3). Every solution {2} of (2.9) for which ((x.)) <g
is also a solution of (2.21).

We first observe that for each fixed 7 the functions A, ,(¢) of (2.16) are the
unique solutions (as given by Cramer’s rule) of the system of linear equations

(2.22) P(t) = H(o't) = ,gwfl)\,,i(t)A,J,,-(wft) f=0,1,:--,k—1).
=0
For f=0 we have
k—1
(2.23) P()) = Hi$) = 2 Mi(04rsi();

=0
and replacing ¢ by v/t in (2.23), we obtain

(2.24) P() = kil A, i(w/8) Ay i(wt).

j=0

Comparison of (2.22) and (2.24) shows that the functions N%(¢)
=w/\,,j(w't) form a solution of (2.22);and from the uniqueness of the solu-
tion of system (2.22) we conclude that '

(2.25) A (WD) = oin () (ii=01,+-+, k—=1;7=01,---).

Thus, if Ga(t) = D_jo gait’, We see from (2.18) that

(2.26) M i(®) = grit? + grirtE 4 gr gt A -
G=01---,k—1;r=0,1,2,--+).

It follows from (2.23) that

(2.27) P(t) = X gaitiAnsi(?) (n=0,1,---).
=0

Since Theorem 2.1 is applicable, we see from (2.4) that the sequence
{H,.(t)} of that theorem is given by H,(t) =P(t), which is also the value of
H,(t) as defined by (2.20). That is, the two sequences {H,,(t)} are identical.
Consequently from Theorem 2.1 the G-transformation carries system ¢4 into
the system 3 =cAg given by (2.2); and this system 3C is precisely the one-
periodic system P of (2.21). Thus the theorem is established.

Since the zeros of P(f) come in nests of k each, we can write

(2.28) Py =10t — Vo) (f=0,1,---, k—1;7r=1,2,---, b),



1948] k-PERIODIC SYSTEMS OF LINEAR EQUATIONS 251

where p1+ - - - +ps=1 (the total number of zeros being m =Ik), and where
a;#a, for j=s.

Consider the homogeneous case of (2.9): ¢,=0. Then ¢, =0, and the cor-
responding system (2.21) is known to have the general solution

h k-1
(2.29)  xw =22 {Arso+ Argan+ - + A, 5P} ()",

r=1 f=0

where the A’s are arbitrary constants. As for the nonhomogeneous case, if
((cn)) =g then also ((c;)) S¢ (by Theorem 2.1). On defining Ci(¢) by

(2.30) Ci(t) = i cat®,

it is readily shown (by direct substitution) that a particular solution of (2.21)
is given by
1 Ci(1/t)mt

(2.31) o= — |
2miJr P()

where I' is the circle |t| =R, chosen so that R>g¢. Moreover, ((x.)) <g, since
R can be chosen arbitrarily close to ¢g. We therefore have the following
theorem.

THEOREM 2.4. Let the hypotheses of Theorem 2.3 be fulfilled. If {x,.} , of type
not exceeding q, satisfies the homogeneous system (2.9) [c.=0], then there is a
choice of the constants A, s, for which {x,} is given by (2.29); and if {x.} satis-
fies the nomhomogeneous system (2.9), with ((c.)) =q, then constants A, s,
exist such that {x.} is the sum of (2.29) and (2.31).

Consider again the homogeneous case of (2.9). One method seeking to de-
termine the number of linearly independent solutions is to substitute (2.29)
into (2.9), to see how many of the coefficients 4, , are independent. In the
general case this leads to algebraic complications that can be circumvented
by the method of §3. We therefore merely state here (without proof) that in
the process of substituting (2.29) into (2.9), it is permitted to wipe out the
summation in r, giving to 7 a fixed value. For each fixed r there will be a
certain number N, of independent constants; and the total number of inde-
pendent solutions of (2.9) is precisely N1+ - « « +Nj.

We conclude this section with the consideration of a simple but important
case of (2.9), that we need for later purposes. It has already been noted that
the number m of zeros of As(¢) in |t| =g is a multiple of k: m =1k, multiple
zeros being counted multiply.

DEFINITION. The integer [ is the order of A4(t) and also the order of system
A, in |t| <q.
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THEOREM 2.5. Let (%) A4(t) be of order zero in |t| =4q. Then the k-periodic
system (2.9) [homogeneous equation] has no solution of type not exceeding g
(save {x,=01}); and if ((c.)) <q, the nonhomogeneous system has a unique solu-
tion for which ((x.)) <q, and this solution is given by

(2.32) %o = Cn = D EniCnti (n=0,1,+--).
=0

In the present case, P(f) =1, so (2.21) reduces to

x,.=c:., n=01,---.
If ¢,=0 then ¢,=0, so x,=0. In the nonhomogeneous case, (2.32) will be
shown to be a solution of (2.9) by establishing that there is a valid G-trans-
formation carrying (2.21) back to the original system (2.9).

To this end, regard (2.21) as a k-periodic system, and let us use the nota-
tion introduced earlier, with an asterisk to distinguish the present discussion
from the earlier. To begin with, we have A¥(}) =H.(f)=1; and we wish to
show that we may take H;(f) = A.(t). On making this identification, we are
to have(?)

Ani(®) = Mxo(® + + -+ + Asa(®)

.................

Aniriea(®) = Mrriero(®: + + - =+ Akaror ko (D)
so from (2.16),
*
An(t; A,
Niy = At
AH(Z)

where Aj(t) has the constant value Aj(t) = O, given by

1 1 1 o 1

1 1) w? wk1
(2.33) Q =

1 @kl @2k=D ... (k=1 (k-1

Now Q4 50, since it is a Vandermond determinant in 1, w, «+ - -, @*'. Hence
the functions N%(#), and with them {G}()}, are analytic in |t| <g, so the
G*-transformation is a valid one. Moreover, as seen from the manner in
which {G,’f} is constructed, this transformation carries (2.21) into (2.9); so
(2.9) and (2.21) are equivalent for all sequences {x,.} for which ((x.)) =g¢.

(¢) It is assumed without further mention (now and hereafter except where otherwise
stated) that 4o(f), « - - , Ax(f) are analytic in |#| ¢, and that 4;(0)#0, 7=0,1, - - -, k—1.
(7) Compare (2.23), using H,(f) rather than the specialized P(¢).
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Hence (2.9) has the solution x,=c, given by (2.32). This completes the proof
of Theorem 2.5.

3. Factorization of k-periodic systems. Let B, ° be two systems of linear
forms in {x,.} :

(3.1) B: B.[X]= %Bnixi; C: Gulx]= ZO’Ynixi (n=0,1,---),
= .

where X stands for the sequence {x.}. Suppose ( has the property() that
for every X of type not exceeding \, the forms (%,[X] converge and define a
sequence of type not exceeding u; and let B be such that when ((x,)) =g,
then the B,[X ] series converge and form a sequence of type less than or equal
to v. Then when ((x,)) =\, if operation (° is performed, and is followed by B,
there results a sequence of type not exceeding ». Denote this combined
operation by e4: 4 =B(.

We can represent <4 (at least formally) as a system of linear forms in

{x.}:
(3.2) A: A[X] = ia,.,xj (mn=0,1,---).

=0
In fact, the coefficients {a,;} can be obtained as follows: Define 4. (t),
B.(2), Cn(?) by

dn(t) = iaﬂiﬁy gn(t) = iﬂﬂjti’

3.3) =0 =0
Ca(®) = 2 vait! (n=0,1,---).
=0
Then (§3 of paper in footnote 8)
3.4 anj = BnoYoi + Ba1v1i + Bravei + - - - (n,j=0,1,--.),
and

(3.5) Au(t) = BaoCo(t) + Ba1Ca(t) + BazCalt) + - - - (n=0,1,---).

It has moreover been shown (§3, paper of footnote 8) that system <A as
defined by (3.4) or (3.5) carries every {x.} for which ((x.)) <\ into a sequence
of type not greater than v; and that system e/ is actually (that is, not merely
formally) identical with the product B(.

LeMMA 3.1. Let systems B, C of (3.1) each carry every {x,.} for which
((x4)) =N\ into a sequence of type not exceeding N. Let the systems of homogeneous
equations

(8) Necessary and sufficient conditions for this are found in §2 of 1. M. Sheffer, Systems of
linear equations of analytic type, Duke Math. J. vol. 11 (1944) pp. 167-180.
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B: B.[X]=0; (C: G[X]=0 (m=0,1,--+)

have precisely b and c linearly independent solutions respectively of type not
exceeding \; and let each of the nonhomogeneous systems

B: B.[X] =ca; C: CulX]=cn (n=0,1,---)

possess a solution {x.}, for which ((x.)) <\, for every sequence {ca} satisfying
((cn)) SN, Then the system A =B has the following properties:
(i) Homogeneous system

A: AfX] =0

has precisely a=b+c linearly independent solutions for whichk ((x.)) E\;
‘(i) Nomnhomogeneous system

t‘/{: U{n [X] = Cn
? has a solution with ((x.)) S\ for every {c.} such that ((ca)) <.

As remarked earlier in this section, the series <4, [X ] converge and define
a sequence of type not greater than N for every {x,.} for which ((x,)) S\
Now

(a) A [X] = B.[C[X]].
Let {«P}, - -, {x®} be a fundamental set of solutions of B,[X]=0, and
{yP1, - - -, {y©} a corresponding set for (.[X]=0. Then we see from

(a) that X = {x,} satisfies «4,[X]=0 if and only if one of the following rela-
tions holds:

(1) C.[Xx] =0;
(i) CalX] = a1’ + - - + opan”
for some choice of the constants o;.
If (i) holds, then {x,.} is a linear combination of {y‘,‘,’}, .- {y(,f’ .
If (ii) holds, let {u(,{)} "be, for each j=1, - - ., b, a particular solutlon of

Cal{u?}]=5%. Such solutions exist by hypothesis. The general solution of
(ii) is then given by

b
(b) T = > ojtn + Es. .

i=1
for arbitrary é’s. The solutions {x,.} found for case (i) are included in (b),
namely by taking all the ¢’s zero.

Thus, if {x,.} is a solution of <A, [X] =0 it has the form (b). Moreover,
(b) does give a solution of <4, [X ]=0 for arbitrary choice of the ¢’s and &’s,
as is readily verified. Hence the system ¢4, [X ] =0 has precisely b+clinearly
independent solutions, since the b+c sequences {u%}, {y%'} are linearly
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independent. To see this, suppose ¢’s and §'s (not all zero) exist so
that #,=0. Then C.[X]=0. But C.[{ > ¢.; 8,5} ]1=0 by definition, and
Cal{ 22021 0P} 1= >ox?; hence 2 oixl=0 for all n, and since the

x(,’.)}’s are independent, all ¢'s are zero. This also makes the &’s zero, so we
have a contradiction to the assumption of linear dependence.

As for the nonhomogeneous case, let V= {v,} satisfy B.[V]=c,, and
choose {x.} so that Gu[X]=v,. Then B,[C[X]]=B.[V]=c,, so {x.} satis-
fies oA, [X]=c., as was to be shown.

To apply the properties of products of systems to the case of k-periodic
systems, we need to restrict the systems B, ( as follows: Choose

Bri="Y2i=0 G=01,-,m—1;n=12-..).
Then from (3.4) we deduce that also
anj =0 (G=01,+,n—1),
We may then write
A (2) = t7"4.()),  Ba(t) = t"B.(2), Ca(®) = tC.(2),
where (on making a change of lettering of coefficients),
(3.6) A,(8) = i anjtl, B.(t) = i bt Ca(t) = ic,.itf.
i=0 i=0 i=0
We still denote the corresponding systems of forms by <4, B, (2, so that
A AIX] = T ttarsi Bt BalX] = 3 bt

i=0 i=0

C: CalX] = 3 castnes

i=0

3.7

(n=0, 1, - - - ). Relations (3.4), (3.5) become

(3-8) Anj = bnocn.i + bnlcn-H.j-l + et + bnicn-}-i.o (nv j = 0' 1r tet )v
(3.9)  Au() = baaCn(t) + bpstCrir(?) + bnat?Crya(t) + - - - (n=0,1,---).

DEFINITION. Let { F.(£)} be a sequence of functions defining a system ¥.
To avoid the necessity of frequent repetition, we say that ¥ is admissible
if each function F,(¢) is analytic in |t| <gq, if F.(0)0, 2=0,1, - - -, and if
¥ is k-periodic (which is to say, Fua.(t)=F;t), j=0, 1,:-.., k—1;
n=0,1, - - - ). Wealso say that a sequence X = {x,.} s admissible if ((x,)) <gq.
The number ¢ is to be positive.

Now let e4 be an admissible system. We pose the question: Do admissible
k-periodic systems B, (° exist such that

(3.10) A = BE?



256 I. M. SHEFFER [March

We shall see that the answer is in the affirmative.
THEOREM 3.1. Let B and  be admissible and define A by A =BC. Then A
is admissible, and
3.11) Au(t) = wAB()A(),
where Q) is the nonszero constant
1 1 |

(3.12) a-1]! fw) -~ (1w)*

1 (1/w)® 1. (1/w)k—DG=1)
Since B, (° are k-periodic,
3.13) Bursi() = Bi®),  Cursi(®) = Cy(0)
(G=01,---,k—1n=0,1---);
so from (3.9),
(3.14) 4.0) = 2Cn+,-(t){ ﬁ‘; b,,,,.+,,‘,,-+rb} (n=0,1,-).
i= -

This shows that ¢/ is also k-periodic.
Now w=e?** w*=1, so

k=1 o k if s=0 (mod k),
(3.15) mz_o(“’) _{0 if 530 (mod ).

Consequently, for j=0,1, - --,k—1;5=0,1,---,k—1,

1 k-1 )
(3.16) — 2wk P B (wPt) = 3 bjarridttrE;
k p=0 re=0

so (3.14) becomes

l k—1 k—1 ]
61D A =5 ZCn0] SeriBe) (=01 k=D,
=0 r=0
If the values of 4,(t), A,(wt), - - - as obtained from (3.17) are substituted
into (2.21) it is seen by a straightforward computation that A,(f) is the
product of two determinants, the first of which is A¢(f). The other is
(1/k*)| hs|, where
k-1

Bip = 3 wh=G-=D2B, () GG,r=01,:--,k=1).

=0
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Determinant (1/k*¥)| k.| also factors into two, namely
1 ,
FI hi| = Q- AB(D),

as is easily found. That @ ¢0 follows from the fact that it is a Vandermond
determinant in 1, w7}, - + -, @D,

CoroLLARY 3.1. & and Qi (of 2.33) are reciprocals:

;1
(3 . 18) Qk = .

k

%
For, since @/ is independent of <4, B, ° we may choose B and (® to be the
identity system: B,(f) =Ca(t) =1, 7=0, 1, - - - . Then <A is also the identity,
and
AA(t) = AB(t) = Ac(t) = Q;

so (3.18) holds.

REMARK. It is not necessary that B and ( be admissible in order that
(3.11) hold. For example, if B, @ are k-periodic and {B.()}, {C.(t)} are
analytic in |tl =g, then ¢/ has the same property, and (3.11) is valid. More
generally, B and (° may be general (and hence formal) k-periodic systems de-
fined by the (formal) series (3.7). Then <A, defined by (3.14), will also be a
formal k-periodic system, and (3.11) will hold formally.

As a simple extension of Theorem 3.1 we have the following theorem.

THEOREM 3.2. Let By, - - -, B, be admissible and let A=BB; - - + B,.
Then A is admissible and

(3.19) As(t) = O 'An()Ag,(t) - - - A (D).

REMARK. The preceding remark applies here also.

LeEMMA 3.2. Let B be admissible, and let Ap(t) be expanded according to the
elements of the jth column (j=0,1, - - -, k—1):

k-1 k-1
(3.20) Ap()) = X0 w"iBi(w)Ai(t) = 3 Kii(8),

r=0
where the functions A,;(t) are cofactors and
(3.21) K,i(t) = o B (wt)A;i(d).
Then for r,j=0,1, . - -, k—1,
(3.22) K,i(t) = Koj(w").

To see this observe that
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< K, i(®wri(— 1)t
” B;(w"t)

is the minor obtained by striking out column j and row 7 from Ap(t). (It
should be borne in mind that j and 7 run from 0 to #—1 rather than from 1 to
k.) In the determinant for Kg,(f), multiply each column by that power of w
given by 7 times the subscript on the corresponding B’s of that column.
Here 7 has a fixed value from 1 to k—1. This multiplies Kg,(f) by w* where
u=r Y +-5 s—rj. Since w=e?*'¥, one finds that w*=w=ri( — 1)1,

In this new determinant, whose value is w=(—1)"*~DKg(¢t), replace ¢
by w't. Then in the sth row, each B has theargument w™***1¢ (s=0,1, - - -,
k—2), so in the (k—r—1)th row the argument of the B’s is ¢. Suppose this
row is moved to the top (¢ —7—1 moves), then the (¢ —r)th row is moved to
the second row (also 2 —r —1 moves), and so on. The total number of moves
made is r(k—r—1), so the determinant has been multiplied by (—1)r¢*-r-1,
The resulting determinant is now seen to be precisely the minor obtained
from Ap(t) by crossing out the jth column and rth row. In other words,

Wri(= 1) DK (o) = (= 17 VE().
From this and the definition of K} one obtains (3.22).

CoroLrLARY 3.2. For each j=0,1, - - -, k—1,

(3.23) Ap(t) = EK;(w’t),'

r=0
where K ;(t) =K;(t).

REMARK. The remark following Corollary 3.1 applies to Lemma 3.2 and to
Corollary 3.2.

We can now take up the problem of factoring the admissible system </4.
To accomplish this we must establish the existence of B and (2 with the fol-
lowing properties:

(i) B and ( are k-periodic.

(i) {Ba(®)}, {Ca(®)} are analytic in |¢| <q.

(iii) Ba(0)0, C.(0)<0, n=0,1, - - -.

(iv) A=BC.

Now condition (i) we satisfy by edict; that is, we shall only consider sets
{B.(t)}, {Ca() } that are k-periodic:

Bjn(t) = Bj(?); Cin(t) = C4(?) G=01---,k—1).

Condition (iv) will then hold if equations (3.17) are satisfied. We shall in fact
determine B, ° by means of (3.17) and a further condition soon to be stated.
and shall then show that conditions (ii) and (iii) are fulfilled.
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First we dispose of the simple case that 4 is of order zero in |¢| <g. The
factorization is then </ =B where B is the identity system B,(t)=1, and
C=A.

Suppose then that <4 is of positive order in |t| <g, and let {«a},
f=0,1, .., k—1, be a nest of zeros of A4(¢). Weimpose on B the condition

(3.24) Ap(t) = — ak + t*,

which condition is consistent with the fact of Theorem 2.2 that the power
series for Ap(¢) contains only powers of ¢*.
Consider the system of equations

k—1
(3.25) D dijui=0 G=01---,k—1)
=0
where (d;;) is the matrix obtained from A 4(¢) by choosing ¢t =a. Since A4 (a) =0,
the determinant of (3.25) is zero, so a solution u,, - + - , #x_; exists for which
not all #’s are zero. Let s be chosen, and fixed from now on, so that u,0.
Taking j=s in (3.23),

AB(‘) = E K‘(w't)v

so that by (3.24),
k=1

(3.26) — af 4tk = ) K,(w").

r=0
Set K,(t) = X ;o dit. From (3.26) it is found that

1 1
do=—?ak, dk=—;, dr=0 (r=23,---),
while all other d’s are arbitrary. The most general power series Y dt/ satis-
fying (3.26) therefore has the form

k-1
K.,(t) = 20 E (),
i=0
where Eo(t) =(1/k)(—a*+t*) and E,, - - -, Ex_; are arbitrary power series
containing only powers of ¢*. Choose E;({)=\; (j=1, - - -, k—1), where the
N\'s are constants (as yet undetermined). Then a solution of (3.26) is given by
k-1

(3.27) K.() = %(— ak + %) + A

i=1

This function is of course analytic in |¢]| <g.
We pass now to the determination of the functions {B,.(t)}. Each of
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By, ¢ ¢+ +, Bi_1save B, we choose to be identically one:
(3.28) Bi(H) =1 G#s5,057sk—1).
As for B,(t), we choose it so that (3.24) holds. From its definition,
K.() = Koi() = B(£)Aos(8)
Bo(wt) - - - @' By_y(wt) @B, 1(wt) « - - w*1Bi_1(wt)

C—B | :
( ) ‘() Bo(wk-lt) PR € 1)("1)3._1(0)"‘%)
w(k—l)(l-l-l)BH_l(wk—!t) “ e w(k—l)(k—l)Bk_l(wk—lt)

so from (3.28),

(3.29) K.(f) = Qu.Bi(2),
where
1 o -+ @1 Wl ... k1
w? v e 2D w2 Lo 2=

(3.30) Qp. = (—1)*

.......................

1 ok 1... @k=D0=1 =D+ ., . (k=1)(k=1)

That Q4,70 is seen from the fact that it is a power of w multiplied by
a Vandermond determinant in 1, w, - - -, @*}, w*t, - - ., w* 1 Conse-
quently,

-« +l" k-1

+ Duti = Z pith,

k,s kﬂk ' ju=1 =0

(3.31) B,

where p1, + + +, ur—1 are arbitrary constants, and

— at 1
MEe =

3.32 - = .
(3.32) o e, Q.

We have now found a k-periodic system B for which (3.24) holds. Each
B,(#) is analyticin |¢| <g,and

— ok

B,(0) =

# 0,

k.,

so Bj(0)0,7=0,1, - - -, k—1. Hence B is an admissible system.
Turning to , we find from (3.9) that

(3'33) CJ(t) =Al(t) (j7£s9j=01 1--- ’k_ 1);
and that
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At(t) = [l-oC,(t) + ﬂltAa+l(t) + e + ﬂk—ltk—lAa+k—l(t) + Mktkcc(t)

(since we are to have C,;+(f) =C,()). Hence
1 k—1
(3.34) Cit) = ———{A.(t) - > u,t'AH.,(t)} .
po + mit® =1

System (2 is now defined, and is k-periodic; and it satisfies e/ =B(. The
property of admissibility remains to be examined. It is clear from (3.34) that
C,(2) will not be analytic for all choices of { p.,-} . In fact, since po+ust* has the
zeros wa (f=0, 1, - - -, k—1), a necessary and sufficient condition that
C.(?) be analytic (in |t| =<g¢) is that the following system of equations be ful-
filled:

k=1

(3.35) A (@a) — D Ap(Q)ps’ T’ = (f=0,1,-"+, k—1).

Regarding the “unknowns” in (3.35) as —1, uy, - - -, pk—1, the deter-
minant of the coefficients is, after removing an obvious power of & and multi-
plying the rows by suitable powers of w, precisely the determinant As(a);
at least to within a permutation of columns. As As(a) =0, the above system
(3.35) has a solution 2o, 21, * * * , 2r—1. We may therefore identify the z’s
with —1, uy, + - -, r—1 provided that z,5%0. Now except for column permuta-
tions, system (3.35) coincides with system (3.25); and the permutation is
such that zo=w,. But %,70. Hence we may take zo= —1. In other words,
constants, ui1, © + +, Mx—1 exist to satisfy (3.35). We suppose from now on
that ui, - - -, ux—1 have been given values for which (3.35) is true. Then
the functions C.(t) are all analytic in |¢| <g. Also, if 755, C;(0) =A4;(0) %0;
and C,(0) =(1/u¢)A4,(0) 0. Hence (° is an admissible system.

To sum up, we have the following theorem.

THEOREM 3.3. Let A be an admissible system in |t| <q. If A is of order
zero it has the decomposition

A = 34

where 3 is the identity system [I.()=1]. If A is of positive order 1, it has the
factorization

A = BC

where B, C are the admissible systems defined by (3.28), (3.31), (3.33), (3.34),
(3.35). Moreover, B, (C are of respective orders one and 1—1.

All has been shown save the matter of order. That B is of order one is
seen from its definition; and the order of (° then follows from (3.11).

DEFINITION. The determination of system B involves the zeros {«/a} and
the index s. When it is necessary to emphasize this (as it sometimes is), we
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say that B corresponds to the zeros {a} (or simply to the zero &) and to the
index s.

We are now in the position to step from the zero-order case of Theorem
2.5 to that of a system of order one.

THEOREM 3.4. Let A4(t) be of order one in |t| <q, and consider the k-periodic
system (2.9), where the functions {A,.(t)} are analytic in |t| <qand A.(0)=0
(n=0,1, - - - ). The homogeneous case [c.=0] has precisely one linearly inde-
pendent solution {x.} of type not exceeding q; and if ((c)) =g, the nonhomo-
geneous system always has a solution {x,} with ((x.)) =g, and the most gen-
eral such solution contains one arbitrary constant.

Consider the homogeneous system. Since <4 is of first order, we can write
oA =B, where (s of zero order, so we know from Theorem 2.5 that C[X]=0
has X=0 as its only solution. Consequently, by Lemma 3.1, systems
A[X]=0, B[X]=0have the same number of independent solutions. We need
therefore only consider B[X]=0. When written out, this system is

%, =0 (n # s (mod £)),
k—1
Xnkte — akx(n—l)k+t = — kQ,, Z KX (n—1)ktati = 0;
=1
so the general solution is
2a=0 (ns#s); Knkye = a™Fx, («, arbitrary).

Thus there is only one independent solution, and it is of type |a].
We turn to the nonhomogeneous system. If it is established that system

(3.36) B: B,[X] =ca (n=0,1,--+)

has an admissible solution X = {x.} for every admissible {ca}, then
U= {u,} will exist to satisfy

A: A U] = ca n=0,1--.),
so Theorem 3.4 will have been proved. For, define U as the unique solution of
C: C.[U] = =, (n=0,1,--+)

guaranteed to exist by Theorem 2.5. Then
4.[U] = B,[C[U]] = B.[X] = ca (n=0,1,---).

It suffices therefore to show that (3.36) always has a solution.
From (3.28) and (3.31) we see that system (3.36) has the form

X = ¢ (r # s (mod k));
(3.37)

k—1
— a*%opnr + Terminr = Bk eCopnk — E O jXetnk+i (n=0,1,---),
i=1
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where (from (3.32))

oi= kS, i=1,-+-,k—1.
For r#s+nk, x,=c,; and the quantities
Yn = Xstnk (”=0y1»"')
are to satisfy the system
(3.38) — a*y, + Y41 = 6, rn=0,1,--:)
where
k—1
(3.39) On = kQr Cotnk — 2 TiCotnkii
=1

It is to be noted that ((8,)) <g¢* since ((c.)) <g¢.
For arbitrary v, the general solution of (3.38) is

n—1

(3'40) VYn = a""yo + Z aikan-i—l;
i=0

and from this we readily determine that ((v.)) <¢*. This fact, together with
the relation x,=c, (r#s+nk), leads to the conclusion that ((x.)) <¢g. Thus
(3.36) has been shown to have an admissible solution {x,} for every admis-
sible {c,}, so the proof of Theorem 3.4 is complete.

Let us return to the admissible system <A, assumed to be of positive order
I. We can write o/ =B with  of order /—1. Now if I—1>0, ° can likewise
be factored; and so on. This gives us the following theorem.

THEOREM 3.5. Let A be admissible and of positive order Lin |t| <g, with the
nests of zeros(®) {Wa;} (j=1, - - -, ). There exists an admissible system (2
of order zero, and ! admissible first order systems B; (j=1, - - -, 1) with B;
corresponding to the nest {Wa;} (f=0, 1, - - -, k—1), such that <A has the
Sfactorization

(3.41) A =BB,- - B

Let 4 be of order >0 and write o4 =B with B of order one. Suppose
the homogeneous system
C: C.Xx]=0 (n=0,1,--+)

has exactly ¢ linearly independent admissible solutions, and that the non-
homogeneous system
C: Cu[X]=ca (n=01---)

has an admissible solution for every admissible sequence {c.}. Since B is of
order one, Theorem 3.4 applies, as does also Lemma 3.1. We conclude that ,

(?) Since A4(¢) may have multiple zeros, two or more nests may have the same set of zeros.
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system ¢4 (homogeneous case) has exactly ¢+1 linearly independent ad-
missible solutions, and that the nonhomogeneous system oA4: 4,[X]=c, has
an admissible solution for every admissible {c,}.

By induction from <4 =B to (3.41) we then have the following theorem.

THEOREM 3.6. Let <A be admissible, of positive order 1in [tl =gq. The homo-
geneous system

(3.42) A: 4,[X]=0 (n=01,--)

has precisely | linearly independent admissible solutions {xP}, j=1,---,1;
and the nonhomogeneous system

(3.43) A: A.[X] =ca (n=0,1,---)

has an admissible solution {x®} for each admissible {c.}, and the most general
such solution is given by

1 .
2= 20 + 2 8imn (n=0,1,--+)

=1
with arbitrary constants, 8y, - - -, 0.

Theorem 3.6 gives a complete answer to the problem of solving the system
of equations (1.4) defined by the general admissible system eA.

4. Algebraic properties. In this section we consider certain algebraic prop-
erties of systems o4, together with miscellaneous results that relate to sys-
tems. Some of these we shall need in the sections that follow, where we treat
the case of k-periodic systems with perturbations.

First we restate some definitions and give some new ones. By a system <4
we mean an infinite sequence of linear forms

(4.1) z anixn+i (”‘ = 0! 1) ¢ )’
=0

In other words, all we are given is the set of coefficients {a.;}. A system 4
is k-periodic if

4.2) Cnkir,i = Qr, r=0,1---,k—1;5,2=0,1,.--).
The k-periodic system oA is semi-admissible if the functions
4.3) Aa()) = 2 aniti

=0

are analytic in |¢| g¢; and finally, the semi-admissible system <4 is admis-
sible if

(4.9) A;(0) =0 (G=01-+,k=—1).
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DEFINITION. Let ©® be the class of all systems, and T the class of all sem:-
admissible systems. © and I' are obviously additive Abelian groups, and T' is
a subset of 6.

For the identity we reserve the symbol 3, and for the zero system Q, so
that I,(¢) =1 and O0,(t) =0 for all n.

LEMMA 4.1. Let <AEO. Then each of the relations (separately)

(4.5) XA=3 AV =3
has a solution in © if and only if A is nonsingular; that is,
(4.6) Gno % 0 (n=0,1,---).

And when (4.6) holds, X and Y are unique and equal, their common value being
the inverse of A:

4.7 X=Y =41
Moreover, <A is also the inverse of A1,

The lemma follows by standard algebraic argument; as does also the
following lemma.

LEMMA 4.2. If A EO is nonsingular, the relations
4.8) XA =d, AV =4
have each the unique solution X =Y =3.

LEMMA 4.3. Let AET. In order that each (separately) of relations (4.5)
have a solution in T' it is necessary and sufficient that <A be admissible and of
order zero; and in such case X and Y are unique and equal, so that (4.7) again
holds; and A~ is admissible of order zero, and its inverse is A.

(i) Suppose X €T satisfies (4.5). From (3.11) and the remark following
Corollary 3.1, both Ax(t) and A4(¢) are different from zero in. |t| =q,s0 X
and 4 are admissible and of order zero; and correspondingly for Y.

(ii) Suppose <A is admissible of order zero. We make the observation that
when a G-transformation (of §2) is applied to a k-periodic system A, the result is
precisely the product(*®) Ged. This is seen on comparing (2.4) with (3.9). In
the present case, o/ is of order zero, so P(f)=1; thus the product GeA is
precisely the identity 3. Since G is admissible, as we know from §2, therefore
X =G is an admissible solution of (4.5), and X is of order zero. Also, from
Lemma 4.1, X is unique. Now

(1) That is, 5c=gb{. Since JC was chosen to be one-periodic: H,(¢) =P(f), we see that
Ag(t) contains every zero of Aa(f) k-fold, so it is small wonder that the system of equations
(2.21) defined by 3C has an overabundance of solutions. Moreover, ifeA is of positive order,
we see from 5(3=g}f and (3.11) that g is not of order zero.
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XAX = 3X = X,

and since X is in O and is nonsingular, there is by Lemma 4.2 a unique sys-

tem U in © such that XU=X, namely U=3. Hence from U=c4X we get

AX =3. Moreover by Lemma 4.1 this X is unique in ©, so the second rela-

tion of (4.5) has the unique solution ¥=X. Writing <4~ for this common

Elue (which is unique since X is), we readily find that the inverse of <4~! is
itself.

LEMMA 4.4. If A and B are in © and A is nonsingular, then unique systems
X, Y in O exist such that

4.9) XA =8, AY =@8.
In fact, it is seen that the respective solutions are
(4.10) X = BAY, Y = A8

We have similarly the following lemma.

LEMMA 4.5. If A and B are in T and A is admissible of order zero, then
unique systems X, Y exist (and they are inT') such that relations (4.9) hold. These
solutions are given by (4.10), and if B is admissible then so are X and Y.

If oA is of positive order and B is in T, then neither of relations (4.9)
need have a solution. From (3.11) of Theorem 3.1 we can however state:

LEMMA 4.6. Let A and B be in T'. A necessary condition that X €T exist
such that XeA =B (or that YET exist with LAY =B) is that every zero of Aa(t)
(tn [t| =<q) be a zero of As(t), the multiplicity of each zero of A4(t) not exceeding
that of the same zero of Ap(t).

From the preceding results we conclude that ® and T are noncommutative
rings possessing a umty element (3). Moreover, oA is a unit of © if and only if
it is nonsingular, and is a unit of T' if and only if it is admissible of order zero.
Both © and T have zero divisors.

LeMMA 4.7. If A #Q is a zero divisor in © or T, then oA is singular (that is,
a.=0 for at least one n). This condition is sufficient in © but not in T'.

(i) Suppose AB=Q with A=Q, B=Q. If A is nonsingular, then by
Lemma 4.4, B= vf‘lQ 9, a contradiction. So ¢4 must be singular.

(ii) Let cA5Q in © be singular. There is a smallest integer 7 for which
a,,=0. Choose B,(t) =1, B,4(t) =0 for n>r; and for n <r (if r>0) define B,(¢)
by the equations

0 = GuBalt) + -+ + + Gnyponat " Bry(f) + Gppnt™ (n=0,1,---,7r—1).

Then B#Q and AB =9, so A is a divisor of zero.
That A% Q in T' may be singular and yet not be a zero divisor is seen
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from the following example:
A Ao) =k,  A;(t) =1, j=1---,k—1

If B in T is chosen so that AB =9, then
t:Bo(f) = 0;  Bj(t) =0, J

]
=
-

[
|
—

that is, B=9. Hence <A is not a zero divisor.
On the other hand, I' does possess zero divisors. Thus, if <4, B are de-
fined by

A Ao) =144, A =0, i=12 -+, k—1;
B: Bot) = ¢, Bi) = —1, Bi) =0, j=2,- k=1,
then o/, B are in ' and AB=9.

DEFINITION. A function F(¢) is a A-function if it has the following proper-
ties:
(i) F(t)#0.

(i) F(t) is analytic in |t| <gq.

(iii) The power series for F(t) about t=0 contains only powers of t¥, so
that

F(/t) = F() (F=0,1,---).

Moreover, F is singular or nonsingular according as F(0) =0 or F(0) 0.

If the A-function F(£) has zeros in |t| <g, they will occur in nests of &,
so their number will be a multiple of &, say 7. We define  to be the order of
F(t) (in |t] <g).

LeEMMA 4.8. If the A-f‘unction F(t) is of order zero there exists an admissible
system (C (necessarily of order zero) such that

Ac(t) = F(3).

For, we need only choose
1
Co(t).:—é"F(t); Cl(t)=11 j=l’...)k—li
k

and apply (2.11) and (2.33).

LeMMA 4.9. If the A-function F(t) is nonsingular and of order one, there is
an admissible system B for which

Ap(t) = F(2).

We have F(f) = (t*—a*)P(t), where P(¢) is a A-function of order zero and
a#0. From the proof of Theorem 3.3 (see (3.24)) we know there is an ad-
missible B, of order one for which Ap,(t) =t*—a*. Also by Lemma 4.8 there is
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a (°, of order zero, with A¢(t) =(1/Q{)P(¢). On applying (3.11) we see that if
B=B,(, then Ap(t) = F(t).

THEOREM 4.1. Let the A-function F(t) be nonsingular. There is an admissible
system <A for which

.11) Aa(t) = F(b).

The order r of F(¢) may be assumed to exceed one. We can express F in
the form

F@) = P@)-TL ¢ - «)) (o % 0)
1
where P(t) is a A-function of zero order. Now first order systems B;
(j=1, - - -, r) exist such that Ap;(t) =t*—a}, and zero order system (2 such
that Ac(f)=(1/9)P(¢). On setting A =B, - - - B, we find from (3.19)
that (4.11) holds.
If the condition of nonsingularity is lifted, a corresponding result holds:

THEOREM 4.2. If F is a A-function, there is a system A in T' satisfying
(4.11).

We need only consider a singular F of (positive) order r:

F@t) = thP(t)ﬁ: ¢ - ) (e = 0).
=
Let D be defined by
D: D,@t) = ct™ (m=0,1,++;¢c= (= 1)a-knk)
Then
mk
Ap(?) = YR

Hence if A, =8, - - - B,_n( is chosen (as in Theorem 4.1) so that
T Lk k,
As () = POTL (¢ — «),
je=1
then e =4, D has the property (4.11).

LEMMA 4.10. Let a be a nonzero constant. There are infinitely many admsis-
sible systems (° (necessarily of order zero) for which

Ac(t) = a.
Define C by
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Ci(t)=ki (j=0v11"'yk_l)’

where the \'s are as yet arbitrary but are to be nonzero. Then

k-1
Ac() = - JT 2
=0
Choosing Ay, + + -, M\¢—y arbitrarily (but different from zero), Ao may then be
determined so that A¢(#) =a. The lemma now follows from the fact that two
non-identical sets of N's give rise to two different systems (°.

THEOREM 4.3. If F is a A-function, there exist infinitely many systemse/f in
T (admissible if F is nonsingular) such that (4.11) holds.

Let ¢A4: be one such system (guaranteed by Theorem 4.2), and let (°
(which will be of order zero) be such that A¢(f) =1/9. Then 4= (A, also
satisfies (4.11). Now two different (°’s will give rise to two different eA’s. For
if F is nonsingular, then 4, is admissible, so if (ef;= (%4, then by the
uniqueness of Lemma 4.4 we conclude that (= (.

Now suppose F is singular. From the proof of Theorem 4.2, ¢4, has the
form oA, =AD where <A, is admissible. Hence 14 = P4 implies CreAdsD
= CoeA:D. Let Bi=(CeA; (i=1, 2). Then

— (1) i — ()i’
(2) 2 bai ' Dari(8) = 3 bai £ D (9).

=0 =0
But from the definition of D, Da(¢) =ct™ On cancelling the common factor
ct™ in (a) we obtain > _gb@ti= > <bPti; that is, BY(f) =BP(2), so B1=B..
This makes (A= (xAs. The first part of the proof now applies, giving
C1=0Ca.

Hence whether F is singular or not, the condition that (%, is contra-
dicted by the supposition that (°e41 = (xA:. This establishes the theorem.

In Theorem 3.5 we obtained a factorization of the admissible system oA.
We come now to a useful modification of (3.41).

DEFINITION. A first order admissible system B is semi-canonical if an
integer s (0=<s<k—1), a number « (0<|a[ =¢), and numbers po, * * +, sk
exist such that

1, j#EsG=0,1,---,k—=1);
4.12 B: Bit) =1 & .
(4.12) i 3 i, i,
r=0
where
koui #= 0, so/pe = — a*;

and B is canonical if
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l’ j?ss(j:O’l,"',k—l);
tk — ak, j=-s

(4.13) B: B,1) = {

From the proof of Theorem 3.1 it is seen that the systems By, - - -, B;
of Theorem 3.5 are semi-canonical.

LeMMA 4.11. If B,, B, are semi-canonical, and correspond to the same index
s and zero o, then an admissible system ( of order zero exists such that

eﬁl = 82.
To show this, let B:: { Bia(f)} (:=1, 2) be given by
k
Biu(®) = 2 pist* [fio— ke ak],

i=0 Bik M2k
B;.(t) =1 (r#s,r=0,1,--+,k—1).
We are to have
By, i() = ¢joB1,i(t) + ciitBy,ja(f) + -« - (G=01-+-+,k—1).

For j#s this becomes

1= E Cit"B1,i4s(1),
re=(

so
co=1 ¢»=0 (r>0);

that is,
Ci) =1 (j=s;5=01,--+,k—1).
And for j=s:

k k k-1
Z “2.1"' = 080( E I‘l,rt'> + Z'Captp
p=1

=0 0
k k-1
+ clktk( Z I‘l.rt'> + Z C.,Ll.‘.,,tH'p + .-
0 p=1 :
From this relation we obtain the equations
M20 = Cs0M1,0; M2,p = Cs0M1,p + Ce,p (P =1,-- . ] k- l);
Mok = Ceoli1,k + Cakmio; 0 = cCorprr1 + Cokt1;

And from these equations we find that

Cso = p2o/p10 # 0; Cop = M2,p — Cof1,p (p=1,-++,k—1);
Cokan = 0 n=01,---).
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Thus C,(¢) is a polynomial (of degree not exceeding k—1):

k—1
C(®) = = + —1‘ E (u2,ri10 = B2op,)E"
K10 M10 r=1
Consequently, (% is admissible and (B, =B,.

Now each of Ap, () and Ag,(t) has exactly k zeros. It therefore follows
from Theorem 3.1 that A¢(¢) has no zeros, so that (2 is of order zero. Thus the
lemma is established.

Choosing pgg= —a*, usr=1, we obtain the following lemma.

LEMMA 4.12. If B, is semi-canonical, corresponding to the index s and the
zero a, there is a unique admissible system © (necessarily of order zero) such that
(®B. is the canonical system corresponding to the same s and a.

We know that ( exists. That it is unique is a consequence of Lemma 4.4.
LEMMA 4.13. If <A is admissible of order one, then

(4.14) A = CiBC:

where 1, Oz are admissible of order zero and B is canonical.

For by Theorem 3.3, <4 =®8,(?; where B, is semi-canonical and (; is
of order zero. Also, there is a (% such that (%;B,=®8, B canonical and (s of
order zero. Applying ;! to both sides: By=(1B, with C;=5", so (4.14)
holds.

LEMMA 4.14. Let By, B, be canonical systems corresponding to the same zero
a and to the respective integers 0, r. There exist zero order admissible systems
C: (¢=1, 2, 3, 4) such that

(4-15) @1‘3162 = B,, B, = es‘BzC’b

If r=0 we need only take ;=3 (=1, - - -, 4). We may therefore sup-
pose that 0 <7 <k. Each of (4.15) clearly implies the other, so we need only
consider the first relation, which can be written in the equivalent form

(4.16) Ci1B1 = B:(s [Cs = il

Then, apart from the questions of admissibility and order, we are to de-
termine (°1, (% so that
( T .
@ cio Bri®) + it tBuiwa() + -+ = Cai() [[#rj=0,1,++, k=1];

1) 1)
Cro Bl,r(t) + Cr1 tBl".{.l(t) + LB

= — &'Cont) + £ Caman()) = (¢ — &")Cs.0(0).
Now
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Biak(t) = t* — ak; Biaksn(t) = 1 O<p<Bk).

Hence if we write
Cin) = S e+ X P =Uuw® + v,
ig—r j=—r
where the congruence signs refer to mod &, then
(t* — a®)Cs,.()) = U@) + (% — o))V ().

It is seen that we want U(f) to have the factor (t* —a*). For this purpose
we take Cy,-(f) to have the form

Cis(t) = (2 — a®)Uo(t) + V() = U@®) + V),

where the power series for Uy(£) contains no power of ¢ that is congruent to —7
(mod k). In fact, ckoose Uo(t) =1 and V() =t*, so that

(4.17) Cl,r(t) = — aF + tk—r + ik,
As for Cy,j(t) [j#r], define it as follows:
(4.18) C.it) =1 (j #0,7); Cio(t) =141

This makes (°; admissible. System (% is now completely determined by
equations (a):

Cs,i(H) = B1i(H) = 1 G#0,rj=1,---,k—1)
Cs.o(t) = Buo(t) + t = — a* + 7 + t¥;
4.19) 3.0(0) 1o(l)+ af 4 ¢ 4 ik,
Csn(t) = ——— { — a*B1,(t) + t="Bru() + t*Broi(®) ) = 14 2577
(tF — a¥)

and is of course admissible.
There remains to consider order. If (1 is of order zero, (4.16) shows that
(s has the same property. We need therefore only consider (1. For it we have

14 1 -0 1 [(t*—_a*)+l'"] o1 see 1
14wt @ cce ot “;[(‘k_d:)_l.w—r‘h—r] P B ]

14w GDfr  @Fle e GDED Gl [t —o®) GO D] D .o D GD

This can be written as the sum of four determinants by splitting the Oth and
rth columns in an obvious way; and it is readily seen that two of the new
determinants are zero, so that

Ag(d) = (tF — a®)Qp — 87T Qy = — akQy.
As thisis a (nonzero) constant, (%1 (and with it () is of order zero. The lemma

is therefore proved.
We now extend the scope of Lemma 4.14:
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LeEMMA 4.15. If B,, B, are canonical systems corresponding to the same zero
o and to the respective integers s, r, then zero order admissible systems (%
(t=1, . - -, 4) exist so that

(4.20) 61‘31@2 = Bz, 31 = 636264.

We need only establish the first of these relations. Let B* be the canonical
system corresponding to « and to the integer 0. Then we have

By, = @s‘B*@o. B* = @7‘3168
where all (?’s are of order zero. Hence (4.20) holds with
C1 = CsCr, Cz = (CsCe.
This lemma permits us to strengthen Lemma 4.13 as follows:

LEMMA 4.16. Let oA be admissible of order one, and let the integer s (0<s
=<k—1) be prescribed. Then

(4.21) A = CiBC;

where B is canonical and corresponds to the integer s, and (1, (2 are admissible
of order zero.

From this set of lemmas we are able to prove the following result.

THEOREM 4.4. Let <A be admissible of positive order 1, and let its zeros be
{a;} (f=0,1,- -+, k—1;5=1,---,0). Let the integers s; (=1, - - -, I),
not necessarily distinct, be prescribed in 0 <s;<k—1. Then A has the factoriza-
tion

(4.22) A= CiBiC:B: - - - CiBilut,

where all (°'s are admissible of order zero, and where B; is canonical and cor-
responds to the integer s; and the zero o;.

To see this, we recall that Theorem 3.5 gives us the product
A =818 - B,
with B admissible of order one and (®* of order zero. Lemma 4.16 now applies
to yield (4.22).
ReMARK. The decomposition (4.22) for <4 is not unique, since we can
permute the zeros ;.

The remainder of this section concerns systems of equations having a
solution that approaches zero. We shall need the results in §5.

LEMMA 4.17. If an admissible system <A is of order zero in |t| <p with
p>1, and if c,—0, then the system of equations

(4.23) A:A4.[X] =ca (n=0,1,+++)
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has a solution X = {x,} with x,—0.

Since ((c)) £1<p, the operator «4~! can be applied to (4.23). It gives
the equivalent system

xn=anocn+anlcn+l+"' (”=0, 11"')1

where {a.;} is the matrix for «4-1. Now ¢4~ is admissible of order zero in
|t| =<p, so constants M, @ exist, with § <1/p<1, such that

| ani| = Mo-.
Define {ha} by
o =max { | cal, | casr]s e+ 3.

Then

| 2| =

and since k,—0, so does x,.

LEMMA 4.18. Let <A be of order one and canonical in Itl Spwithp>1, and
let the zeros of Aa(t) be {Wa} (f=0,1, - - -, k—1). If |a| %1, and c,—0, then
(4.23) has a solution X with x,—0.

If |a| >1, choose p’ in 1 <p’ <|a]|. A will be of order zero in |¢| p’, so
we can apply Lemma 4.17. We may therefore suppose that |a| <1. By
hypothesis there is an s for which

4,00 {t”—a", j=s (mod &)
. = m :
’ 1, j#Es
so (4.23) becomes
X = rss);
(4.24) (r# )
- akxo+nk + Xs+(n+1)k = Catnk (” = Ov 1) c e )-

We see that x,—0 so long as 7 ranges over values non-congruent to s.
As for x,4nx, set

(4.25) Yn = Zepnk On = Cotnk (6, — 0).
Then (compare (3.36)—(3.40))
(4.26) — afyn + Yas1 = On,
and
n—1

(4.27) Ya = artyo + D ai*d, ;.

=0
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Now |a| <1, so ar¥y,—0. Let
4o = max {|8a], [ bual, - -+ } (> 0),

and choose  so that |8, <.
There exists an integer p such that

n—1 ,alﬂk €
k| < < —
2'“’ I_l—lal" a
SO
n—1 €
El aika»_’._!i <.? .
=p
Also,

[ty e ) dnp €
2| @i ior| S dup et < —T < —
jpars 0 1- I al" 2

for all n> N (N suitably chosen). Hence y,—0. It follows that x,—0.

REMARK. If || =1 the conclusion of the above lemma (and of the theorem
that follows) need not hold. This is seen from the following examples:

(i) k even. Take a=—1, 8,=1/(n+1). Ther yo=yo+ > 1.1/
~ (ii) k£ odd. Take a=—1, 8,=(—1)""1/(n+1). Then y.=(—1)"[y,
+ Z,'"_ll/j ]

In neither case does y,—0. This possible failure when || =1 has an im-
portant bearing (an unfavorable one, be it noted) on the factorization con-
sidered in §5.

THEOREM 4.5. Let <A be admissible in |t| <p with p>1, and suppose no
zero of A4(t) is of magnitude one. If c,—0 there is a solution X of (4.23) for
which x,—0.

In view of Lemma 4.17 we may suppose that the order / of </ is positive.
Applying Theorem 4.4 we can write

A = CiBiC: - -+ CiBiCur

where the B’s and (°’s have the properties of that theorem. Let B, (°; be
given by

B;: {B,’,,.(l) } ; e;: {C",,.(t) }.
By the two preceding lemmas,
Ci: CralUW] =cn

has a solution U®: {#{"} with u"—0;
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B8,: Bl,,,[Um] W
has a solution U®: {#®} with #®—0; and so on, until finally

(21+1) (¢1)]
] = Un

Cir: Craa[U

has a solution U®+V: {4@+1} with 4@*+Y—0, Now X = U®*? satisfies (4.23),
so the theorem is established.

5. The perturbation case: Factorization. We recall that a system oA is
k-periodic if

A"Hi(t) =Ai(t)v j=01 11"’vk"'1;

and is admissible if it is k-periodic and A.(f) is analytic in || <q, with
A,(0)5£0 for all n. We now define an admissible system of perturbation
terms

(5.1) AY ANX] =X ani%nrs n=0,1-.--)

i=0

to be a system with the following property:

(5.2) | axi| < R
with

(5.3) k. — 0,
(5.4) 6 < 1/q.

Note that this makes the functions 4}(¢) analytic in |t| =<gq. For certain
computations that we must make, it is desirable that sequence {k,.} shall
approach zero monotonically. Now given {k.} with 0 <k, and k,—0, there
exists a sequence {k,} such that k,<k!, k. | 0;and k! may be used in (5.2)
in place of k.. It is therefore no restriction to suppose, as we do from now on,
that ks | 0.

We reserve the asterisk superscript for systems of perturbation terms, so
when a system is said to be admissible, it will be clear from the notation
whether the system is k-periodic, or is a system of perturbation terms, or is
an admissible perturbation system, which we define as follows:

DEFINITION. A system is an admissible perturbation system if it has the
form oA +cA*, where <4 and A4* are both admissible, and where

(5.5) auo+0:o9£0 (n=0, 1)"')-
A perturbation system of equations is of form (1.6).

LemMA 5.1. If C and A* are admissible, then CeA* and A*C are both
admissible systems of perturbation terms.
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Let D* =cA*(, so that

DX(O) = a4Calt) + abtCoria(t) + - - - .

By hypothesis {ak} satisfies (5.2) for certain 8, {k.} for which (5.3), (5.4)
hold; and |ca;| < M0’/ for suitable M, " with 6’ <1/g. Hence

i
[ dni| S 2| ametnir.ice| S MEL(G + 1)67,
r=0

where 6" =max {6, 6’} <1/g. Choose 6" in the range 8" <0"” <1/q. Then
J exists such that for all > J, (j4+1)8"'7 <0'""i; so M’ can be found for which
Id:fl < (M'E)0"
for all » and j. Accordingly, D* is an admissible system of perturbation
terms.
Similarly, if €* =(eA*, then
| eni| < MEa(5 + 1)8”i (6" = max {6, 6'});

so again the desired conclusion follows.

Let eA+<A4* be admissible. We consider the problem of its factorization.
If A is of order zero, then <4 +A* is essentially in factored form as it stands,
since we can write

A + A* = AG + A 2A*) = A3 + B

where 3 is the identity and B* =cA~'A4* is admissible. We need therefore
only consider the case that A4 is of positive order /.

The function A4(¢) has then ! nests of zeros: {wfa;},f=0, 1, ---,k—1;
j=1, .- .,1l. We may order the zeros so that '

(5.6) le| 2]eal 2 -+ 2] el
We make the special assumption that
(5.7) |ea| < e, i<

and for simplicity write a for a;.
By (4.22) of Theorem 4.4 we have

(5.8) A = CiBi1CB: - * + CiBiCu1s

where all systems are admissible, the (°'s of order zero and the B's canonical.
Now

(5.9) A+ = (Cr- B+ ACa)Cinr = &A1 + €)Cui,

where
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A= Ci-- - B = BB = BC, 8*=¢/{*@:+l!
and
e=61’ ‘B=8181"‘@l°

System E* is admissible.
A +A* will be factorable if e4,+E* is, so we consider this last system.
We introduce a parameter N\, and investigate the possibility of a factoriza-

tion of form
(5.10) A1 +AE¥ =BC+AE* = (43 +X N«B’,“)(e + X we’,’).
Pl r=1
On expanding and equating like powers of \, we have
€' = 8C1 + B G,
0=8BC+BIC1+BCrzt - +BC (r=23--);
and on defining Of (r=1,2, - - -) by

(5.11)

pr=€"
.12 .
(5.12) D = — {BIC 4 +BLC) (r=23--1)
then
* * *
(5.13) Dr=‘Ber+‘Bre ('=1’2y°°')-

Recall that @=®8, is canonical, and to it corresponds the.nest of zeros
{wa}, where a =ay satisfies (5.7). © is defined by

tk—a*, n=s
(5.14) C,.(t)={ . nets (mod k).
Write
Lohoh 8 B0 = S et
(5.15) O;: {Dr.(t)} {B 0) gﬂ t}
Cr: {Cr.()) (r=1,2,---;7n=0,1,---).

For r =1 we obtain from (5.13) the relation

Dia(@t) = 3 bai/ i8iC ay {(0'8) 4 2 Bioms 16 #Cnr i(8),
(5.16) =0 =0

=0,1,:.--,k—1

Define the functions I'y,»;;(¢) by
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(5'17) rl,n;i(t) = Eﬂl.ﬁi‘i"‘tﬁ-”‘ (j =01,.--, k— 1)'
r=Q
Then

0 k—1
(5.18)  Din(@t) = X b/ #tiCT ni i(w't) + 3 Tiom; (D)0 Crii(t),

=0 J=0
(f=0,1,...'k_1).

For n fixed, regard (5.18) as a system of linear equations in the I's.
The determinant of this system is found from (5.14) to be Q(¢* —a*), where
Q% is the constant defined by (2.33). We therefore wish to choose the func-
tions Cf,+j(f) so that, when we solve for the I''s by Cramer’s rule, the zeros
of the denominator (namely /e, f=0, 1, - - -, k—1) will cancel out. This
will happen if we impose the conditions

(5.19)  Din(’t) — 3 bojw itiCY npi(’t) = 0 (f=01,---,k—1)
J=0

for t=w'a, 1=0,1, - - -, b—1.
Define ™, §™ by

(5.20) xr(»"') = C:.n(wma)v

(5.21) 8" = DY (™).

Then (5.19) becomes

(5.22) b xima =5 (m=01,---, k—1;n=0,1,---).
=0 )

For m fixed, (5.22) is a k-periodic system with determinant Ap(w™af).
Since Ap(f) has the zeros {w’a,-},j=1, «++,l—1,and Ia,-l >|a| by (5.7),
the present A-function has all its zeros greater than one in magnitude.

Now D} =E* is admissible. Hence

0 k»
(5.23) Di.() KLk X (60)7 = — L1t < 1/6,0 < 1/q),
- _
and
(m) * m kn
5.24 On = |Dyn E—
( ) | | | 1 ("’ a)l 1— al al
SO

Bf.!") —0.
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By Theorem 4.5, therefore, (5.22) (m fixed) has a solution Xn= {«™} for
which x™—0 as n— .

There is a number ¢’ >1, independent of m, such that the system defined
by the left side of (5.22) is of order zero in |t| =¢’. Consequently M and A
exist, with A <1/¢’ <1, such that an upper bound for the magnitude of the
(n, j)th coefficient of the matrix inverse to (5.22) is M\/, for all », j and m.
From the proof of Lemma 4.17 we conclude that

- M
(5.25) | s S

where {k,} is any sequence for which #,—0 and such that

he = max { | 6ap1| } m=0,1,---, k—1;5=0,1--").
Now k.| 0. We see therefore that we may choose
kn
by = ————>
1-—0|a|

and that A, ] 0. Then,

(M) = M H
(5.26) | < Lika [L“ (1->\)(1-—o|a|)]'

SO
(5.27) | Clia(w"e) | < Lika m=0,1,-+-, k—1;n=0,1,---).

We have obtained values for C¥ () at the points w™a (m=0,1, . - -, k—1).
Now we complete the definition of these functions to make them as simple
as possible: we take them as polynomials. In fact, set

k—2

(5.28) Cin() = Rimo+ 2 (¢t — a)(t — wa) - - - (¢ — wPa)Rymips,

where the R’s are constants, uniquely determined recurrently by the condi-
tion that CT,(t) takes on known values at t=w™a (m=0, 1, , k—1).

From (5 27) and (5.28) it follows that constants My, * **, M1,k1
exist, independent of n, such that

| Rimii| = My, ika G=01---,k—1).
The M’s can be expressed solely in terms of L; and |e|. If we set
M = max {Ml,;},

then
| Rimii| S Mk
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We see from (5.28) that there is a constant o, whose value depends only on «a,
such that

(5.29) Cin(t) K oMika(l + £+ - - - + t+-0).

Let us return to (5.18). The functions C},(¢) are analytic in |t| =g, and
from (5.29) we see that the first series in (5.18) converges uniformly in
|t| =g’ (¢’ some number exceeding g). Hence (5.18) defines (and uniquely)
functions T' that are analytic in |¢| <g. Before we can make the step from
(5.18) back to (5.16), however, we must show that the functions I' have
power series of form (5.17); that is, that

Timi(@t) = Trai(®) (f,7=01,-:+,k—1).
To establish this property, replace ¢ by w?t in (5.18). We obtain
) k-1
DY n(w@/*7t) = 3 b+ itiCy (@ +28) 4 3 {0 PiTy u; i(wPt) U2 iC, 4 (8).
7=0 =0

This is the (f4#)th equation of (5.18), with the function I'y,;;(f) replaced by
WPy, ;i (wPt). Since (5.18) uniquely determines the I'’s, this requires that
T1,n,i(t) =™ ?Ty, n (w?t), as was to be shown.

Consequently, we have shown the existence of two system (,f Bf for
which C¥.(f), BY..(f) are analytic in |¢| <g. We wish to prove that these
systems are admissible. That (} is so is shown by (5.29); the proof for B}
is more difficult.

LEMMA 5.2. Let

(5.30) F() = 3 vat™ + Poa(d),

n=0

with P1_y(t) a polynomial of degree not exceeding 1—1, be analytic in ltl <p,
and suppose(l)

Fin)=---=F(r)=0; |r[sp (G=1---,D.
Define Z(t) by

2 = F() { g(t - rj)} -
Then

(5.31) Z0) = S vaHaltirs -+ - 1 72,

n=0

(1) The r.'s need not be distinct provided that each set of equal 7,'s is in number not greater
than the multiplicity of their common value as a zero of F(t).
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where H, is the symmetric homogeneous polynomial of degree nin t;ry, - - -, 1,
all of whose coefficients are unity; that is,

(5.32) Hot; 7,0 ,m) = 2 r:' . r’;'tj

summed over all non-negative integers J1, 0+ +y J1, J for whichk ji+ - - - 7
+j=n. Moreover, (5.31) converges absolutely and uniformly for |t| <p.

Since F(r1) =0,
F(t) 1
t—n t -

0 n+l—-1
= -rn{ S "*"“} + Pio(t) = E'y,. wria(t; 1) + Pia(),
0

7=0

Zl(t) =

[ > ‘Yn(l - f'lm) + Pra(t) — Pz-l(fl):l

where P;_; is of degree not exceeding its index. Now F(r;) =0, so

Zy() = L0 1 [ 2 {"i': l’”“ N - '2)}‘ + Pis(t) — Pt—z('z)]

t—rz t—re =0

= D YnHusio2(t; 11, 12) + Prs(t).
0

A simple induction permits this process to be continued until all the
divisions have been carried out. The polynomial drops out completely, leav-
ing the sum (5.31). Series Y v.t**!is absolutely and uniformly convergent in
l t| <p. If each term in H,.; 1(¢; 71) is replaced by its absolute value we obtain
a sum that does not exceed (n+1)p"+-1, s0 D _YnHnp1-1(t; 71) is absolutely
and uniformly convergent in | t| =< p. The same argument applies at each step,
so the final series (5.31) has the stated convergence properties.

LEMMA 5.3. Let

Jl,n = ﬂfii s fl" = H'n(’l) Tty ’l))

the summation being over all non-negative integers for which j1+ - - - +ji1=n.
If ’

r=r;1ax{|r1|,"‘: l"l”»

|Jl,n| §’m<n+l---1)_:rﬂ(n+l—l).
-1 n

This inequality is a consequence of the identity

1—-1
21=(”‘II‘_1 ) Gi4 -+ + 1= n),

then
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which is readily proved, for example, by an induction.
We may now return to the functions I'. Solving (5.18), we see from the
character of the coefficient determinant that if p2s—n(mod k), then

k—1 [
(5.33) Timip(t) = Zx,,,{D’,’,,.(w't) - b,.,w'ftic’{',,.+i(wft)};
r=0 =0
and if i=s—n(mod k), then
k-1 0
(5.34) (t* — a®)T1 () = D Niy {D’i‘,,.(w't) - b”,w'ithf,n+i(w't)} .
ra=0 ju=0

In both cases the N’s are constants whose value is determined solely by &.
Define A by

A=max {|Ni|} (G.r=0,1,---,k—1).

Consider the first case. Since B is admissible we know that constants N,
0’ exist such that

| ;| < N ® < 1/g).
Hence, using (5.23) and (5.29):

Tin(t) K kA{k,.Z (007 + NoMk, Y @)1+t +--- + t"")} .

j=0 =0

Let

k—~1
(5.35) ¢’ =max {6,0'}, ¢= 0"

()
Then

EA(l + NM Nik,

(5.36) Timip(f) K 4+ NMep) , _ N

1— 0"t 1—0't

for pEs—n (mod k).

Now consider ¢=s5—n. The right side of (5.34) is clearly subject to the
same inequality (5.36) as was found for the right side of (5.33). Hence if we
write relation (5.34) in power series form:

(5.37) (t* — a*)Tyniel) = 20 pimipest®* + Pia(l),
p=0
where Pj_, is a polynomial of degree not exceeding £—1, then
I l‘i.n;pl = N#'?k,.
Since T'y,n;:(¢) is analytic in |t| =<g¢, the right side of (5.37) has the zeros
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t=w'a,r=0,1, - - -, k—1. Consequently by Lemma 5.2,

0
rlmh’(‘) = Z ”‘.nzﬁkﬂp(t; a, Wa, * -, wb—la)’
=0
where

Hy= X (a)h - -+ (bl Git oo +iti=p

We can write

P
Hy =2 tikpi

j=0
where
iy = X (@i - - (wh-la)i Gt o hin=p =5
Now by Lemma 5.3,
—j+ k-1
Termil s lalm(PTITETH,
?—17
so
—j+E—1
H,,<<Zp)(p 7t . >|a|v-fti.
=0 t—17
Thus,
o/t \Ni(ofp—F+Ek—1
Tymi(f) <<N10”"k,.2(—|———) {E(p I ] )(o"lal)r}
~o\la| p=i p—7
) = E—1
= N:6"*h Z(WV{ 2('+ )“’"I o >'}'
om0 r=0 r

Since 8”’|@| <1, the brace converges to the sum (1—0'"|«|)=*. Therefore
Ng"* ka Nk

A—0'a|)* 1—60% 1—6%

Combining (5.36) and (5.38), we have for all j=0,1, - - -, k-1,

Qka
1-—6"t

(5.38) Tymi(t) K (i = s — n (mod &)).

(5.39) Ty0i() K

where
Q = max {N,, Na}.
From the definition (5.17) of T'y,n;j,
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(5.40) Bl n(t) = Z Bl n3 1t’ = E I, mf(t)’
=0
so
Qka
.41 B*n ¢ *
(5.41) 1a(f) K 1— 9"t

This shows that B* is admissible.
Now turn to (5.13) with r=2. D*= —B*(:*, so from (5.41) and (5.29),

Dya(t) = — X BrmitChari(t) K X (Qkat”it) {oMika(l + £ + - -+ + 1)},

7=0 i=0

From this we obtain
2

5.42 Dt ME g Lk L=oM
( . ) 2.n(t)<<1_0"t' "=1—0"t ( =0 Q{)°

Dg* is thus admissible. It is to be noted, in comparison with (5.23), which
can be modified to read

DA () < M
that the inequality for D¥ .(¢) has captured a second factor k..

Relation (5.13) for r=2 is obtained from the case r =1 by the mere sub-
stitution of DF for DF; which fact is reflected in all the inequalities so far
obtained by the replacement of k,, wherever it occurs, by LkZ. Thus:

| Crm(wma) | < LiLkn; Cra() K oMLEN(L + ¢4 -+ - +47);
2 2
OLE: . QLE
I‘g ,.,,(t) << 0”t H Bz,,. 1< 4 1 — 0"t

From (5.12), for r=3, we therefore have

D:.u(t) =-2 {ﬁl,n:it’c;nﬂ(t) + ﬁz,n:itiC:n+i(t)}
=0

< i 20MQL(0"8)i(1 + ¢ + - - - + t¥1);

i=0
S0
2.3
20MQL; 2L k,

5.43 D () K E, = .
(5-43) () KT 1— 6"

In general, a simple induction gives the majorants
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r—1_+r
PL

(5.44) D) « ——=,
1—0"t

where the P,’s are numerical constants (P,=1, P2=1), and

r—1 r

C:n(t) < UMP,L k”(l + ¢ + - + tk—l),

r—1_r

QP.L k.
1—0"t

(5.45) Bra() <

Hence, systems B, 3*, D are all admissible.
As for {P,} , the induction that establishes (5.44) and (5.45) shows that

(5.46) P, = PP,y + PP, s+ -+ - + PraPy (r=z2)
With P1=P2=1.
LemMA 5.4. If
(5.47) x(l) = O Pt
j-o
then
1
(5.48) w(t) = % {1 -1 — 41z},
Consequently,
(5.49) Pig= —27Y(— 4)i+1( 1/2 )
i+1
and
(5.50) | P;| < 4i.

For, from (5.48) we have
ir}t) — x() +1 =0,

so (5.46) follows from (5.47). Since m(0) =1, the coefficients in the expansion
for m(f) coincide completely with the sequence {P;.1} of (5.44)—(5.46). If
(5.48) is expanded by the binomial theorem it is seen that Pj;, has the value
(5.49). The inequality (5.50) now follows from the ratio

P; 25— 1
1+1=4<.7 )<4
P; 2j + 1

Let us now return to (5.10). Define B*, (°* by
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(5.51) 8 =28, ('=XNen
re=l

r=1

Then

BX) = 3 gt « Q( > x’P,L"’kI,) a-e97,
(5.52) ° !

i) = X yuit' < ch( > A'P,L'—lk;) A+t4-- 4670
[1] r=1
Since the majorants (5.52) are obtained by using absolute values every-
where in the determination of estimates for each B*, (3%, it is clear that
B* and (°* are admissible, and that (5.10) is valid, for all X for which

(5.53) RYRS

(We may use ko since &, | 0.)
To handle the system <A4;+E* the choice A\=1 must be possible. This
choice is permissible if we assume that

(5.54) 4Lk, < 1.

On checking back it will be found that L is determined by the system o4,
(hence by <4) and by 6; it is not affected by the values of the sequence {k.}.
We may sum up our results as follows:

LEMMA 5.5. Let A+ E* be admissible, with A of order 1>0. Let the zeros of
Au(t) be (o} (f=0,1, -+, k=1;7=1,---,1), and suppose that (5.7)
holds: |a;| <|a,-|, j=1,---,1—1. If L, determined solely by <A, and by 6,
satisfies condition (5.54), then <A1+ E* has the faclorization

(5.55) A+ € = (B + B)(C+ C,
where B*, (°* are the admissible systems given by (5.51) for N =1.

We should like to extend this factorization further. It is to be noted that
the condition |ai| <|a;| (j=1, - -,l—1) was imposed in order that we
be assured that system (5.22) has for each m a solution x™ that goes to zero
as n— o, (Theorem 4.5 was invoked for this purpose.) If therefore we are to
factor B+B* (using the method that leads to Lemma 5.5), we need to assume

that |ai1| <|e;| for j<I—1; and so on. We are thus led to the condition
(5.56) o] <|ara] <+ <|ai],

which we now assume.
From (5.9),

B = (CiB:1- - Bl
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B+ B*=(CiB:: - Bi1+ ‘B*Gl—l)@l'

(:, of order zero, may be retained as it is; accordingly, it is the parenthesis
that is to be factored. Now B*( ! is by Lemma 5.1 an admissible system of
perturbation terms, but we need to know something about the magnitude
of its coefficients. This information is supplied by the following, easily
proved, lemma:

LEMMA 5.6. Let C and A* be admissible. Let constants M, 0', k,, 0 be
chosen (as they can be) so that

n

AX) <«
1— 0t O<T—w

with 0’ <1/q, 0<1/q, ks | 0. Then M’, "' exist independent of {k.}, with
0’ <1/q, such that the admissible system D* = CeA* satisfies the relations

’

C(H) K

n

Di) < :
O<T—on

If we apply Lemma 5.6 to B*(]! we see that the factorization of

C.B: -+ - Bia+ B*Cr

can be carried out in exactly the same manner as that of «4; +&*. The various
constants that appear in the earlier majorant expressions (M, L,, L, and so
on) may have new values, but these values continue to be independent of
{ka}. Suppose we replace L in (5.54) by the notation L, to indicate that it
arose when the zero a =a; was under consideration. Then in the present case
we obtain an L¢P; and so on down to L®, at which point only a factor of
order one is left, and this factor is essentially in final form, so the process ends.
We therefore have the following result:

THEOREM 5.1. Let <A +eA* be admissible, where <A, of order 1>0, has the
representation (5.8). Let the zeros of Aa(t) be {w’a;} (f=0,1,-.-,k—1;
j=1,:--,1), and suppose (5.56) holds. Let (5.54) be satisfied by L=L?,
j=U,1—1, ..., 2. Then A+A* has the factorization

(5.57) A +A* = Cu(Br+ BY¥)Co(B: + BP*)Cs - - - (Bi + BV Curyy

where the systems BD* are admissible, and where the ('s and B’s have the pro-
perties stated in Theorem 4.4.

Theorem 5.1 raises two questions: What if (5.56) does not hold, and what
if (5.54) fails to be true for L=L®, j=I,1—1, - - -, 2? In the former case,
that is, when two or more nests of zeros of A4(f) are equal or have the same
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magnitude, our methods do not supply a factorization. It would be of interest
to obtain such a factorization if it is possible (as one may conjecture). In the
latter case the failure of (5.54) can be circumvented by replacing system
A +A* by a suitable one of its truncates, as described below.

DEFINITION. Given a system 3¢:H,[X], n=0,1, - - - . If {yn} is defined
by

Yo = Zntp
and {K.(t)} by
Kn(t) = Hn+p(t)a

then K,: K.[V], n=0,1, - - -, is called the truncate of 3¢ of degree p. The
truncate K, is thus seen to be obtained by removing the first p forms (=0,
1, .- -, p—1) of 3¢ and relabelling the x’s.
If hoo#0, =0, 1, - - -, this replacement of a system 3¢ by a truncate
system K does not alter the character of the system of equations
3: H,.[X] =ca (n=0,1,---).

For to every solution {x,} of this system corresponds the solution {¥a=%n,}
of

K: K.[Y]=c! (¢4 = Cntp)y

and conversely.

In the case of an admissible system <4 +cA4*, if we choose the degree p
of the truncate system to be a multiple of k:p =rk, then the truncate has the
form 4+ D*, where system A4 is unchanged, and D¥(t) =4y, .(t). Clearly
D* is admissible; hence so is e/+D*. We may choose r large enough so that

(5.58) 4Lk, < 1 G=4t-1,---,2).
On setting

(5.59) kn = Royrk = Entp

for all #, then k. | 0 and

(5.60) 4Ly < 1 G=Lt-1,---,2).

Thus, the truncate system o4 +D* does satisfy (5.54) for L=L® (2<j<1).
Since by hypothesis the admissible system ¢4 +cA* satisfies (5.5), this is
also true of e/ +D*; hence as was pointed out the two systems of equations

(('/{+ U{*)n[X] = Cn; (Q/{+D*)n[y] = G,,, (Cn’ = cn+17)

are equivalent. We proceed to the solution of the latter system.
REMARK. In solving a truncate system it is logically desirable to state in
advance how far down in the original system the truncate begins; that is, to



290 - I. M. SHEFFER [March

specify the degree of the truncate. However, this often requires the introduc-
tion of a considerable number of preliminary statements and definitions re-
garding new quantities, that would be unmotivated at the time of their ap-
pearance. To avoid this, we shall work with the original (untruncated) sys-
tem; and as the argument progresses, the above-referred to new quantities
will appear in a natural way. These quantities will dictate which truncate
is to be used in place of the original system, and it will be seen that the argu-
ments used will be valid for that truncate.

LEMMA 5.7. Let <A +-A* be admissible (in Itl =q), with A of order zero.
Then the system of equations

(5.61) A+ A*: (A4 A%, [X] =c. n=0,1,--+)
has a unique admissible solution for every sequence {cn} for which ((¢cn)) <q. In
particular, if c,=0 then x,=0.

Let ((ca)) £gq. Since oA is of order zero, we may operate on (5.61) with 4!
to obtain the equivalent system

3+ A [X] = ¢! = @ Na[{c;}]] (r=01---),

with ((c})) £¢. Here 3 is the identity and f** =cf~%eAf* is an admissible
system of perturbation terms. In other words, we need only consider the
system

(5.62) Xn + D Onitnri = Co (rn=01,---).

i=0
Our assumptions are such that M = M(e) exists for which
(5.63) lei | = MG+ o,

where ((c,)) =08 =<q and where ¢>0 is chosen small enough so that the func-
tions A, ¥*(t) = > _ga,iti are analytic in a circle of radius greater than §+e,
independent of #. Also,

(5.64) | otns| < ka6 (Ba 1 0;0 < 1/q);
and e is further restricted so that
0(g + ¢ < 1.

We now apply the method of successive approximations, defining x¢’ by

e¥) ,

Xn = Cn,
5.65 - had —
(3.65) ) = ¢l —Za,.jx,(,”l) (r=23---).

7=0

A simple induction leads to



1948} k-PERIODIC SYSTEMS OF LINEAR EQUATIONS 291

(5.66) v | < MG+ ¢ Tas

where
r—1 kn P

LN
S —066+e
It is no restriction to assume, as we do, that
ko

(5.67) f=—m————— <1,

1—0606+¢

since by suitable truncation of (5.62) an equivalent system can be obtained for
which, in terms of the new sequence {k,,} , (5.67) does hold. (See the remark
that precedes Lemma 5.7.)

From the relations

(z) (1) o)) [G) (r—l) (r—1) (r-2)
(5.68) =« = - Zanixnﬂ'; Xn — = - Eam{xn+i = Xnt+i }
=0 7=0
we obtain (again by a simple induction)

(r) (r—l)

kn -1 r—1 n
(5.69) |z, — | = MG+ {TT-H)} SMB (G+e.

Since <1 we deduce the existence of
(5.70) 2o = lim ay (n=01,---).

r—

Moreover, since T,,<1/(1—p8) for all » and 7, we see from (5.66) that

(")

IS———(6+e)
SO
M »
|xnl§1—_—ﬂ(5+e), (n=0,1,---).

From the arbitrariness of ¢ we conclude that ((x,)) <d=g¢. The sequence
{x.} is therefore admissible.

There remains to show that {x,} is a solution of (5.62), and that this
solution is unique. From (5.69),

r+p—1 i

MG+ 2 B

J=r

I (p+r) (r) |

n —

and on letting p— o :
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(5.71) | 0 — 2| S—EE(6+e)".
Now
, st ) (r—1)
Xn — Ca + Z OQpi¥nyi| = — %, + E a,.,{x,.+, = ¥nti } ‘
=0 gm0
§lxn— xn | + Elaﬂil |x”+i_ x’(::il)
=0
< (6+e)"{ﬁ+ 5> [0(6+e>]}
=0

< 1— "

As r— o the right side approaches zero for each fixed #; and since the left
side is independent of r, that side 4s zero for each #. Thus it has been shown
that {x.} given by (5.70) is an admissible solution of (5.62).

It is, moreover, unique. For suppose {y.}, with ((y.)) <g, is a solution.
A number \ exists for which

Xn — Yn
(@+on

(The value \ is actually attained for at least one n.) From the fact that {x,},
{ya} are both solutions follows the relation

(5.72) A = max

0
Xn = Yn = — E ani(%nyi — yn+1')'

=0

SO

| 2 — 9u| S Nk 2 09(g + ™+ < NB(g + )™

=0
But B<1. Thus property (5.72), which makes N minimal, is contradicted
unless A =0. Therefore y,=x,, as was to be shown.

LeEMMA 5.8. Let A +eA* be admissible (in |t] <q), with <A of order one.
Then the system of equations

(5.73) A+ A*: @A+ A [X] = cn (n=0,1,--+)
has an admissible solution {x,,} for every {c,.} for whick ((¢c.)) £q. There exists

a number R such that there is a unique admissible solution with the value xg
prescribed.
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We can write e = 18B(2, where (%1, 2 are admissible of order zero and B
is canonical (corresponding, say, to the zero « and the index s):

B,(t) = t* — a*; B;(t) =1 G#s;7=0,1,---,k—1).
Applying 7! on the left of (5.73) we obtain the equivalent system
(5.74)  ({B+A*}CalX] = ¢ = (CT)alfei}] (n=0,1,--),

where o4** = ([ 'eA*(?; ! is an admissible system of perturbation terms.
Consider the system

(5.75) (B + A*),[U] = ¢! (n=10,1,---).

Suppose the lemma can be established for (5.75). Let {#{"} be a particular
solution, and let {#{’%0} be a solution of the homogeneous equation, so
that the general adm1ssxble solution of (5.75) is g =ud +Au® (N arbitrary).
Then the general solution of (5.74) is given by

#0 ©
Xn = —+ Axn
where {x"}, {x{} are the unique solutions of the respective equations

1)

C (XD =w;  (Ca[X

guaranteed by Theorem 2.5. By that theorem, if we denote the matrix of
coefficients defined by (%' by {g.;}, we have

(0)] — )

n

0) (1) 0)
Z gn:“n+7 + )\Z gn,u,(.+,~ =%, +A ,(,, .

=0

Now x?=0 else we would have % =0, contrary to the choice of {#}. If

therefore R is chosen so that x(°)7f 0, then \ can be determined so that xz
has a prescribed value. Moreover A will have a unique value, so the solution
{x,.} will be uniquely defined by the value xz. In other words, if the lemma is
true for (5.75) then it is true for (5.74).

We need therefore only consider system (5.75), which in expanded form
can be written

I3 . .
Tnkti = Cakps — D Onkti, iFnktiti (G#s;i=0,1,+-+,k—1);
i=0
(5.76) 3
!’
- akxnk+c + X (n+1)k+s = Cnkts — Z Onk+ts,jXnkts+i (n = 0, 11 tee )'

i=0

As in Lemma 5.7, relations (5.63) and (5.64) hold, and we again set up a
sequence of approximations:
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(8] ’ k(1) (1) ’
Xnk+i = Cnk+i) — & Xnk+s + X (n+1)k+s = Cnk+s)

Q) ' - =1
Xnk+i = Cpkti — Z Anfeti, i Xnktit7y

(5.77) =0

o0
k () (r) ’ (r—1)
— O Xnkts T Xntlykts = Cnkts — Z Qnk+s, i Xnk+s+ i) (’ = 2, 3: e )
=0

Let value x, be assigned, and as we proceed in the proof we agree always
to choose x{ = x,. That such choice is possible will be seen. The second rela-

tion on the first line of (5.77) has the solution (compare §3, (3.37)—(3.40))

n—1
(1) nk (1) ik
Xnk+s = A X + z :a Cot (n—j—1)k+
=0

x® can be chosen arbitrarily, but as was stated earlier we are taking x{*’ =x,.
From the inequalities

len| = Mg+ o, la| <g+e
we readily find that
x,(.;)“l S Mg+ e)"w ,
(1) nk+s I x:' M
Tnkse| = (¢ + { + };
k+| q €) (q+€)’ (q-l-e)k-—lal"

so that on setting

(5.78) Msmax{M [ =] + M }
' ' "Gt @teor—lald’

then for all »,
(5.79) w | S Mig+ 9"
To continue the proof we make use of the following lemma.
LEMMA 5.9. If 2,—0 and 0<0<1, then
lim {2z, + 25-10 + - - - + 20"} = 0.

Denote the brace by t.. The sequence {z.} is bounded: |z.| <M. Let
¢>0 be given, and choose N=N(e) so that |z.| <e for all > N. Then
N n Mo~
[t s MY 60-ite Y 6is Mt
i=0 =N+1 1—-96
so £,—0.
Now turn back to (5.77). Using (5.79) we find that
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mty o Rnits
1+—— 7
(g+¢ { +1_0(q+e)}

(2) ’ 1)
xnk+il = 1 Cnk+i — Eank+€,jxnk+i+1

=0

(2)
Xnk+s I =

nk (2) rk § o (1)
+ Z Cat (n—r—1)k — Opnkts—(r+1)k, i Xnkte— (r+1)k+7
1=0

<|al"| |
ok | a| \F (M Rkt r+1)k
+ Malg + () o + et
g+ §q+e M, 1-0(G+ e
Since |a|/(g+€) <1 and k,—0, Lemma 5.9 applies to the sum
n—1
(5.80) [ Z( Ial ) kakta— sk
r=0 q +

Accordingly, £,—0; and it is no restriction to suppose that ¢, | 0 (since {t,.}
can be replaced if necessary by {./ } where ¢t/ | 0 and t.<¢.).
We thus have

ot

el S M+ 9+ T T G T 90

Let

(5.81) A, = max { bt [ Raers }(j=0, 1, k—1).
g+ et —6(g+e] 1—0g+e

As n— o, \, | O since this’is true of ¢, and k,. We now have for all » and
allj=0,1, - - -, k=1, |28, S Mi(1+N\.) (g+e) ™+,
It is now a straightforward induction to obtain

(5.82) I x,.k.H EM(A+NA+ -+ )‘n )(q + e)ﬂk“’J
j=0,1,-++, k—1;n=0,1,---;r=1,2,.--;o0r, since A\, | 0,
(5.83) |2l | < Ma@+ 2o+ -+ g+ 9"

We conclude from the arbitrariness of € that ((x?)) <¢ for each 7.
From (5.77) we obtain (for r=2)

o

(r) (r—1) (r—1) (r—2)
Xnkti — Xnk4s =. Z ank+s’.i{ Xnk+i+i — xnk+£+i}’
=0
k¢ (n) (r—1) (r) (r—1)
(5-84) —a {xnk+a — Xnk+ts } + {x(n+l)k+l - x(n+l)k+a}

(r—1) (r—2)
= - Z ank+~s,j{xnk+a+i - xnk+s+i}-
j=0

Here i#s;4=0,1, - - - , k—1; and x@ =0. The second of these relations can
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be solved (again as in §3, (3.37)-(3.40)) to give

r) r-1) nk( (r) (r—1)
Xnk+s — Xpnk+s = & Xs — X, }
n—1 0
rk (r—1) (r—2)
+ E [_ Za(n—p—l)lm.i' {x(n-p-l)k+z+i“ x(n—p—l)k+¢+i}];
p=0 =0
or, since ¥ =4V =y
1) r—1) = 1 (r—2)
Xnk+s — Xnkts = — Z a””z a(,._p_nk+a.:{x(n-p-l)k+c+i - x(»-p-l)k-a-c+i}.
J=0
It is readily found that
@) nk+€ 2) [(¢5] nk+t
Xnk4+i — x,,k.,..l S Ml)\o(q + 6) Xnkts — x»k+t| S Ml>\0(q + e)

s0
@ e}
lxn - %n I S Ml)‘ﬂ(q'l'e) ’
and two simple inductions (one for #, the other for s) give the general in-
equality

(5.85) o — T s M g+ " (n=0,1,-+).

We now suppose that \o <1. This is no restriction, for if N¢=1, then since
A.—0 there is an N such that A\, <1 for all > N. Consequently by applying
a suitable truncation, a system equivalent to (5.76) can be obtained, for
which the new sequence {\. =M\..,; p sufficiently large} has the above
property: A¢ <1,

It follows from (5.85) that the limits
(5.86) = lim x,(,) r=0,1--:)

r—o

exist, and from (5.83) that

(5.87) lx,.| =

1 — (q + e) ’
so that ((x.)) <g. In other words, {x,} is admissible. Also, since x®? =x,
(whose value is assigned), we see that {x,,} has for n=s that same assigned
value.

We need to show that {x,..} is a solution of (5.76), and that it is unique
for the prescribed value x,. From (5.85) we obtain

l (P+") (f)

Xn l = Ml)\o(l + X+ + )\:-1)(‘1 + e)"’

so letting p— oo :
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M
1—X
Let4=0,1, - - -, k—1 but ¢5s. From (5.77) we have

(g+¢".

|xn—xn |§

0
1
Tkt = Cnkbi + D Qnkii, iZnktiti
=0
(r—1) ak-i-‘
= | Xnkti — xnk+.l + Z kaktif | Xnktiti = xnk+a‘+i| =
J=0

1 — )\o( + €)

The right side goes to zero as r— = ; hence the left side is zero for each n.
Thus part of system (5.76) is satisfied by {x,,} . Again from (5.77),

k '
| — @ Znkts T+ FTnilykts = Cnkte + D Cnkts, i¥akteti
=0

== ak{xnk+n - xr(»’;s)-'-l} + {x(w+l)k+o - x:::;-l)k-n}

+ D ttnrsni Tnkseri — xs;l:u
i=0
s o+ 9" el @+ 9"+ 1)
- N

and again the right side approaches zero as r—®, so the left side is zero.
This gives us the rest of system (5.76): {x.} is an admissible solution of
(5.76).

To establish uniqueness, suppose {y,} is an admissible solution for which
¥:=%,. Then

0
Xnkti = Ynk4i = — Z ank+t‘.i{ Xnkti+i — ynk+‘+i};
=0

- ak{xuk+c - ynk+.} + {x(n+1)k+: - y(a+1)k+.}

== Z ank-l-hi{xnwi - ynk+0+i}‘
=0

Since ((x.)) =g, ((ys)) =g, there exists a number u such that
(5.88) po= maxl (xa
We find then that

| Znkgi — ynk+o‘| S X Rarribin(g + O < udo(g 4 i,

j=0

Also, as in (3.37)-(3.40):
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-1 ]
—_ - k| — . .
Xnk+s Ynkt+s = Z a? [ Z a(n-zs—l)k+c.l{x(n—p—l)k+s+i - y(n—p—l)k+c+j}];

p=0 =0

SO

tu—l

< o
G+ot—og+eo]  "“ @+

| Lnkrs — ynk+‘| < ulg + rte. €)nkte,

Thus for all =,
| Xn — ynl é #>‘0(q + 6)".

But Ao <1, so (5.88) shows that u=0. That is, y,=x,. The lemma is now
completely proved.

REMARK. If A\j<1 in the original system the number R of Lemma 5.8 can
be chosen as s. (And s, be it noted, can be made to have the value zero.) How-
ever, if truncation is necessary, R will be larger.

THEOREM 5.2. Let A +cA* be admissible (in |t| <q), with A of order L and
with condition (5.56) holding; and let {c.} be of type not exceeding q. The
homogeneous system of equations

(5.89) A +A*a[X] =0

has precisely I linearly independent admissible solutions; and the corresponding
nonhomogeneous system (with {0} on the right replaced by {c,,}) has an ad-
missible solution. The most general admissible solution of this latter system con-
tains exactly l independent arbitrary constants.

It is no restriction to assume that system o4 +cA* fulfills the conditions
of Theorem 5.1, since these conditions can be achieved by a suitable trunca-
tion. Accordingly, we may suppose that </ +c4* has the factorization (5.57).
Each (%; is of order zero, and each B; of order one and canonical, so Lemmas
5.7 and 5.8 can be applied, together with the extension of Lemma 3.1 to cover
more factors (as was done in Theorem 3.6). From this follows the assertion
of Theorem 35.2.

6. Perturbation system, general case. Although we have not found a
factorization for the general case of a perturbation system, it is possible to
give a complete treatment of the corresponding system of equations, and this
we do in the present section. This treatment is to be regarded as supplement-
ing the work of §5 rather than superseding it, and for two reasons: (i) When
applicable, the solution of the system of equations provided in §5 is less com-
plex than that of the present section. (ii) The problem of factorization is of
interest in itself, and is as desirable of achievement as is the problem of solv-
ing the related system of equations.
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As a preliminary, we go back to the case of the k-periodic admissible
system

(6.1) A[X] = 7a ((va)) = @,

which was treated in §3 (Theorem 3.6). Now, however, we shall use the de-
composition of e/ found in Theorem 4.4:

(6.2) A = CiBiC:B: - - - CiBiCu1,

where the (°;'s are of order zero and the Bj's are canonical corresponding to
prescribed integers sy, - - -, s;. We take all s;'s equal to a fixed integer s.
If we define {v./ } by

—1
'Yflt = (@1 )n[{7i} ]»
(6.1) is seen to be equivalent to
—1
(Cr eA)a[X] = 7a;
and in order to avoid complication of notation we may suppose, with no loss

of generality, that (°, = (°f ' is the identity. That is, we may suppose that (6.2)
reduces to

(6.3) A = Bi(:B; ¢ - - Bl
Then (6.1) becomes

(6.4) (B - - BiCus)a[X] = vae
Let

(6.5) B1)x[PU] = va;

then

(@2 e ‘Blel+1)n[X] = Wy,
As we know from §3, (3.37)-(3.40), system (6.5) has the general solution

1)

Ur = Yy f*S(mOdk),
—1
1) nk i ik
Usink = a1 ‘A1 + Z A1 Vot (n—i-N)ky
i=0

with Wy, =X\, arbitrary.
Let OUs: {Wug,}, DU {Wu,,,} be defined by

(1) nk

1)
uo,r=0,r$s; Uo,54nk = Q1 (n=0, 1,...);

n—1

1) 1) ik

Ulr = Y ¥ $ Sy Ulsink = Z a1 Vst (n—i—1)k (n = 0, 1, R ).
i=0
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Then
WY = WY, + A O,
Consequently,
(@2 - * BiCis1)a[X] = DU+ AL VU,
Let WV, MV, be the unique solutions of the equations
(Co)a[MV;] = VU, i=1,2,
and define @V by
WY = O, 4\, O,
so that
(CIa[VV] = DU = DU, 4+ N DT,
Then
(Bs - -+ Bifu1)a[X] = OV + M OV,

Observe that @ U, and ™V, are independent of the sequence {v.}.
Let @ U be a solution of

6.6) (B2)a[PU] = @V, 4 A\, OV,
‘Then
(Cs - - - BiCu)a[X] = ®U.
System (6.6) can be solved as was (6.5): the most general ® U has the form
AU = OU, 4+ A OU; + A DU,

where
Ie5) @ ey
Uo,r = Ov r * S5 U,y = To,rs
2 nk_ @ = ik
%o,s4nk = 02 Ul,e4nk = az * Vo,e4(n—i-1)k;
=0
) )
U2 e = V1,3
2) = oo
U2,04nk = az ¢ Va4 (n—j—1)ke
jm0

Also, if we define @V;, ¢=0, 1, 2, as the unique solutions of
(Co)a[®V:] = ®U,,

then
@ = @Y, + M AV, 4+ A, (2)Vo
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satisfies ((%)a[® V]=®U. Here also, ®V,, @V, are independent of {v.}.
This process ‘can be continued until we get

6.7) DY = DY+ MOU1+ -+ + N DU,

as the general solution of
(6.8) (BYa[PU] = ¢V = DY 4 A\ DV g+« - -+ Moy DY,

and
(6.9) DY = OV, AN DV 4 -+ + N DV,
as the unique solution of
(6.10) (Cu)a[®V] = @U.
But
(CuinlX] = @0,
so

X = Oy,
To sum up, we have the following lemma.

LEMMA 6.1. Let <A be admissible of order 1>0, and let {ca} be admissible.
Define {vn} by ¥a=(Cr")al{c;}]. Then the most general admissible solution of

(6.11) A)alX] = cn (n=101,---)

is given by

4
(6.12) X =0V 4+ D2\, OV,

p=1

where the N's are arbitrary constants. The sequences PV, (i=0,1, ... ,1—1)
are independent of {c.} and {v.}.

If ¢, =0, then v,=0, so P V; is then also the zero sequence. The sequences
MV, (i<1) are therefore solutions of the homogeneous system (eA4),[X]=0
(=0, 1, - - -), and from Theorem 3.6 they are linearly independent.

We now pass to the admissible perturbation system (1.6), which we write
as

(6.13) A + AN [X] = ca (n=0,1,---).

It is no restriction to suppose, as we do, that <4 has the form (6.3). For if <4
is given by (6.2), then

A+ A* = Cu(BiC2 - - - BiCir + e:ld*)’

and since «4* is an admissible system of perturbation terms, the same is true
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of Cr'eA* by Lemma 5.1. Thus (6.13) is equivalent to
1 —1 , -
(CreA + CreAX] = o= (Cal{ei} ];
and @7'A has the desired form (6.3).

LEMMA 6.2. Let B be of order one and canonical (in I t| <g), corresponding to
the integer s and the zero o. Let >0 be given. If 'z,.| < M(g+e€)", then the solu-
tion U of

(B)a[U] = 2, m=0,1,--+)
given by
Ur = 2Zry r£s
n—1
Yrink = D @*Z0y(njonk (la|l =9
=0

satisfies the inequality
(6.14) | n| < Mpa(g + 7,
where p, is independent of {z.}.

We see at once that

|u| = Mg+ ¢ (r % 9).
Also,
n—1 ) ] M
| theynr| < M’g | «|it(q 4 )r+inmi-Dk < PE T (g + €)**+nk,
We may therefore choose
1
(6.15) 41 = max {1, m} .

LEMMA 6.3. Let 3C be k-periodic and admissible (in t| =q), and let e>0
be chosen small enough so that 3¢ is also admissible in |t| <q-+e. There exists
a constant us independent of { z,.} such that if |z,.| S M(qg+e)" then

(6.16) | (30)al{z:}]] = Muslg +-0m
If we expand H,():

Ha(t) = 2 haith,

=0

then 6’ <1/(g+€) and N exist such that | k.| < N@’i. Hence
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. . MN
I(Gc)u[{zi}]l §AM§0’(Q+€) + -T_—-_E'_(—q_::)-(q-l—e) ’

so we may choose
N
= m .
If we apply Lemmas 6.2, 6.3 at each step in the proof of Lemma 6.1 we
obtain the following lemma.

LEMMA 6.4. There is a constant u independent of {z.} such that the inequality
(6.18) [ (OVi[{z:} Dal < Mu(g + o (n=0,1,--")
holds whenever |z.| < M(g+¢)".

REMARK. We wish to make clear the notation used on the left side of
(6.18), as applied to P V,, particularly since we shall be using it freely. The
subscript # indicates that we are dealing with the element of index # in a
sequence. Let T: {¢,} denote this sequence: T=®V;[{z;}]. Then {t.} is that
unigue solution of the system

(6.17) ue

A)a[T] = 2a (n=0,1,---)
obtained by choosing all \’s zero in the process of Lemma 6.1.

LEMMA 6.5. Let A*:AX(t) = Y & aXiti be admissible, so that 0 and {k.}
exist such that

| ani| < kot [6 < 1/g; ka | O].

If |2.| < M(g+€)", where €>0 is small enough so that 0 <1/(g+e), then

Mb a9
_— C".
1—og+eo @

The proof is immediate, since (A4*)a[{2;}]= 2 ;20 0¥2nts
Let

(6.19) | @*)a{z:}]] =

ko

(6.20) g=——"——-
1—-06(g+e
It is no restriction to assume as we do that the following inequalities hold:

Bu
1— Bu

(6.21) B<1, 0< <1,
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since they can always be achieved by a suitable truncation. Here u is the con-
stant of Lemma 6.4.
Write equations (6.13) in the form

(6.22) A)a[X] = BiC2 -+ - BiCrr)alX] = ¢n — A*)a[X].
We set up a sequence of approximations X, r=1, 2, - - -, defined by
(6.23) (BiC: * * * BiCus1)n[X "] = ¢n — @A*)[X V)],
with X0 ={0}. By Lemma 6.1 we can write
l
X0 = (‘)Vx[{cj}] + Z A, OV,
p=1

where ®V;[{c;}] has the meaning ascribed to it in the remark following
Lemma 6.4.
If we define {c{"}, {6{%} by

6.24)  en = ca— @ [Vil{e} ] o = @[ OVis),
then

1
Aa[X D] = @’ = TN
=1

s0
x® = Pnif{e”}] - EA Vil{api}] + ilx, v,
And in general, setting :
6.25)  an = ca— @) [Vil{ci Vs g = @AMVl {5557}]],
then
x7 = Vt[{c('-l)}]
(6.26) +}:x, Wiy - Z x.{E(— D™ n((s,
and

6.2)  @Dax"") =+ Z EEPHCENHY
Let X& be the value of X when all N's are chosen to be zero:

(6.28) xs” = vi{e )] @) = ).
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Since ((ca)) =g, there is an M= M(e) such that |c,.|§M (¢+e€)". Hence if
X0 ={x}, then by Lemma 6.4,

Zom| < Mu(g+ 9"
and from Lemma 6.5, and (6.25) for r=1,
o] = MU+ uB)g+ 9",

This gives us the inequalities

2)

on| < Mu(l + wB) (g + &% | = Mg+ 9" {1+ w8+ b)) ;

and a simple induction leads to

o | s M@+ {1+ W)+ -+ wh} =

L
¢+

1._

(6.29) o

on| S Mu@4+ " {14+ @ + - + o)} = @+

N
1—uB

Since X{” and {¢?} are independent of € we see that these sequences are
all of type not exceeding g. Now

(6.30) X = x50 = vl = ¢},
and
C,(:—l) _ 6,(:_2) (c/f*),.[sz[{ ('—2) ("—')} ]]

(6.31) (U{*)"[X(r—l) _ X;'_z)]-
From (6.31)

&~ ol =] = ALVl 1] S Muslg + 9
SO

| mos — zon| < Mu'Bg + "

By induction we obtain

(6.32) vom — zom | S MB (g4 9"
Since pB <1 by (6.21), it follows that
(6.33) Zo.n = lim xon ({200} = Xo)

exists, n=0, 1, - - - ; and (6.29) shows that X, is admissible, with

| %om| = g+ om

1—uB
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We wish to show that X, satisfies (6.22). For p>r,

- M r n
| xom — 2| < —— WB) (@ + O™
1—ug-
and letting p— 0 :
, M , n
(6.34) | %o — zom| < ) g+ 9"
1—up

We have
A + A*a[Xo] = A + AN [Xo — X0 ] + A + A X0 .
Also, from (6.23),
A)a[X"] = e — Aa[X0 7],

as we see by taking all N’s zero. Hence
=1

A + AN[Xo] = cn = A + AN [Xo — X0 ] + @) [X0 — X0 ).

From (6.34) and Lemmas 6.3 and 6.5, there is a constant u; independent of
M, p, B such that

M T n
1= 6@+ on
1—Bu

r)

| 4 4+ A*).[Xo — Xo

and from (6.32) and Lemma 6.5,

(r—1)

| @fa[%" - X1 < MuB) (4 + @)
Hence C=C(e) exists, independent of r and #, such that
| A +eA)a[Xo] = n| S CBO" (g + O™
so on letting r— » we see that
A + ANA[Xo] = ca.

That is, X, 45 a solution of (6.22).
Let us return to (6.26). Denote the coefficience of A\, by X%, so that

]
(6.35) x7 = x4+ Xy,
p=1

with

r—1

(r) @) m (1) (m)

(6~36) X, = Vi,+ E (_ 1) : Vl[{ar.i }]

m=1

We wish to show that as r— o, X has a limiting value X, that this sequence
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is admissible, and that it satisfies the homogeneous equation.

Now @V, (p=1, - - -, l) are particular solutions of the homogeneous
system (e4).[X ] =0, so there is a number N such that | (P V,_,).| S N(g+e)™
From (6.24),

I (1)

o = NB(g+ 9;

and if we use (6.25), an induction gives the inequality

(6.37) |opn| < NBGW (@ + o".
It follows from (6.36) that
(6.38) X, = lim Xy’ (p=1---,0

700

exists and has the value

(6.39) X, = Vi, + X (= 0" Onffo}] G=1---,0.
M=

Moreover, if X,={x,,.}, then

(6.40) | %5 | < N(g + ¢ Z(ﬁu)"‘—

m=1

Xp(p=1, - -,1) is thus admissible.
We now have need of the following lemma.

Y o a+9
e)".
ﬁnq

LEMMA 6.6. The following interchanges of order of operations are permissible:

[ T = 07Nl = T - 0 emOnlan Il

(6.41) =t ’”:’
M»[Z(— 0" “vil{ss ]] =X " C Vil {se 1],

As for the first of these, this amounts to a change of order of summation
of the double series

Z% Ela,.,(— D"V {9m7 } Do

which is valid because of the absolute convergence of this series (as seen from
(6.37)). The second case requires more consideration.
Let it be recalled that @ V;[{v;} ] is a definite solution of the system

@A)alX] = 7a (n=01---),

namely that solution obtained by taking all N’s as zero in the process of
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Lemma 6.1. Turning to that process, denote by W U@, M, those solutions
of (6.5) corresponding respectively to

(o} = 6520, tnd = { S =07},

for which A\; =0. These solutions are given by

n—1

m feb) ik
e =7 (rs); Biaink = 3 01 Yot (roity e
=0
It is clear that we have
1 had 1 )
(6.42) P =3 (- ™ Pum.

me=1

Now define @ V™ M}, as the unique solutions of

1) (m) 1)

C[7"] = Cu™; (C)a[PVi] = PUn

Then
M

((1)V:m))” _ (62-1)”[(1)U:m)]; PV, = (@;1)”

and the relation

AL

(6.43) Py =3 (- )™ ™

1

now follows from the absolute convergence of the double series that
(CsYal 2ot (—1)m- ®UM™] represents for each .

Proceeding in this manner, we find that (6.42) and (6.43) continue to
hold when the superscript and subscript (1) is replaced by (2), (3), - - -, ().
The case (J) reads as follows:

(6.44) “’v,[{ > (- 1)’”62’.",-’}] = (= )OS

M=l m=]

Applying <4 to both sides (as can be done), and recalling the meaning of
OVi[{z5}], we get

AP

e[ n[{Z o3t ]]

= =) = i(— )" D[ Vil {5501 }11;

M1
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and this is the second relation of (6.41).

Now we can show that X, (p=1, - - -, l) is a solution of the homogeneous
system
(6.45) A +AY.[X,] =0 (n=01---).
From (6.39),

(“/{+‘V{*)n[Xp] = (“/{)n[mVl—r] + (V{*)u[(l)Vl—p]
-Mﬂﬂm{ZGDN’Hﬁﬂ-

M=l
Now

(“/{)n [(l) Vl—p] =0,

as we know from Lemma 6.1; and from (6.24),

(V{*)n[( )Vl-p] = 5(1)
Hence on applying Lemma 6.6, and (6.25),
A + A% [X,]

-wﬁ+2(0@ﬂwWM“’]@ﬁH[Z(n“deWﬂ

m=1
=50 + 3 (=" 3 (— 1) = 0.
M=l M1

That is, (6.45) holds.

So far we have established the existence of a particular admissible solu-
tion X, of the nonhomogeneous system of equations (6.13), and. admissible
solutions X, (p=1, - - -, }) of the homogeneous system. There remain two
tasks: (i) To show that X, - - -, X; are linearly independent; and (ii) To
prove that / is the maximum number of linearly independent solutions, so
that if ¥'={y.} is a solution of (6.13), then Y is the sum of X, and a linear

combination of X3, - - -, X;. These we take up in turn.
Let o4, - + -+, 01 be arbitrary constants, once chosen fixed, and not all
zero; and set
1
(6.46) V=2 0,0V,
p=1

Then V={v,} is a nonzero solution of
(‘V{)n[V] =0 (n=0, L."')v

since ®V;_, (p=1, - - -, 1) are linearly independent (as seen in Lemma 6.1).
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There therefore exists a positive constant H=H(e) such that

(6.47) |va| < H(g+ ¢
and such that for at least one value n=n/,
(6.48) |vw| = H(g+ o™
From (6.39),
(6.49) S oX, = VX (- 1) Y [{Zap "’}]-
p=1 el p=1

Now from (6.24), 8 = (A4*).[?V,_,], s0

E 0x0p (1) (V-{*)n[V];

p=1

hence
Zap Som| < HB(g+ 6.
p=1

Consequently

< HBu(g+ ¢

(GERELE)

and from (6.25),

Z 0'1,5,, n

p=1

—Hﬁﬂ(q+e),

and so on. A simple induction yields the inequality

(6.50) l(m [{ § i m} ])

Thus, since Bu<1,
H
< Bu

o ({zen])] =T

But we also have Bu/(1—pBu) <1 by (6.21), so examination of (6.49), in
view of (6.48) and (6.51), shows that

! .
( > cr,,X,,) #= 0.
p=1 n’

The solution Y ,_, 0,X, is thus not the zero sequence, and we conclude

SHBW @+e .

6.5 > @+e¢".

re=1




1948] k-PERIODIC SYSTEMS OF LINEAR EQUATIONS 311

from the fact that the o's may assume any values (not all zero) that

X4, - -+, X are linearly independent solutions of the homogeneous system
A + A%, [X] = 0.

There now remains, as stated before, to show that every admissible solu-
tion Y of (6.13) has the expression

l
(6.52) Y = Xo+4 20X,
p=1
for proper choice of the N’s. To this effect, let X be defined by
1
X = Xo+ 20X,
p=1
with as yet undetermined coefficients {\,}. Then
A +AN[Y] = A +ANa[X] =cn (n=0,1,---);
and on setting
(6.53) Y=Y — X,

we have (A +4*),[V']=0.
Write this equation as (c/{) [Y’] = —(A*)n [Y’ ]. From Lemma 6.1 there

exist constants N\, =\, (p=1, , }) such that
l
(6.54) Y = OVyp 4+ DN OV,
p=1

where V¢’ is the solution ®V; of Lemma 6.1 corresponding to
{ra} = { = (7]}
APV ] = = A.[Y'],
OV iy = OVi[{= @.[1']}].

Define X', Z by

(6.55) X' = TaiX, = 20 Wiyt 5 (=) ¥ [{Zx 6"’}],

=1 =1 ra=l p=1

Z=V-X =Yy = (=1 "’Vz[{ 2 5(')}]

(6.56) —1 =1
Vi eA.[r]}]

-z (R ]

I
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the last expression following from the proof of Lemma 6.6.
Again by Lemma 6.6,

©A*.[X'] = i}»’ ).V,

+ 2 = v [{ S|

_ z‘:)‘p @ Z(" 1y ann)

p=1
- on (- 07),
=1 re=1
Hence
z = ov[{— [V} ]+ ovi[{ea:[x']}] = Ovi[{ed);lx - ¥']}]
or
(6.57) z = — ovi[{eAlz]} ]

Since Z is admissible, there is a constant Q=Q(e) such that
| 2] < Qg + o,

and such that Q is as small as possible, so that an index n=n' exists for which
(6.58) | 2w | = Qg + ™.
From Lemma 6.5,

| @%a2]| = 08(g + ¢,

| (Vi [{@*)4[2]} Da| < QBulg + ™
Since Bu <1, we see from (6.57) that
| 20| < QBu(g + ™.

This is in contradiction to (6.58) unless Q =0; which means that 2,=0; that is,
that Z’=Y'—X'={0}. Thus, ¥'=X", and

l
Y =Xo+ 2N\ Xy,

p=1

as was to be shown.
We may now sum up:

THEOREM 6.1. Let oA+ A* be admissible (in |t| <q) with A of order 1, and
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constder the system of equations (1.6). This system has an admissible particular
solution Xo, and the homogeneous system (c,=0) has precisely | linearly inde-
pendent admissible solutions (X1, - - -, X1). The most general admissible solu-
tion of (1.6) is

1l
(6.59) X = Xo+ 22X,

=1
Jor arbitrary choice of the N's.
To this we can add the following theorem.

THEOREM 6.2. Let the hypotheses of Theorem 6.1 hold. If ((c.)) =d <gq, there
is a solution X{ of (1.6) of type not exceeding d, and the most general solution
whose type is not greater than d has the form

h
X =X{+ 2N\ X,
=1
where A is of order hin |t| <d and X} (p=1, - - -, k) is a set of linearly inde-
pendent solutions of the homogeneous equation, of type not exceeding d. Let the.
! nests of zeros {wfaj}, j=1, .- -1, be grouped into classes, all those nests
having a common absolute value being put into the same class. Let there be s
classes, of absolute value

O<m<- < g

and let u; correspond to g; mests, so that i, g;=1. Then a fundamental set of
solutions of the homogeneous system (1.6) (c.=0) can be found such that exactly
g5 of these solutions are of type p; =1, - - -, s).

The first part of the theorem is obvious on considering ¢4 as admissible
and of order % in |t| <d. Consider therefore the homogeneous case. If
q1<p1, then A is of zero order in |¢| =g, so there is no solution X of the
homogeneous system, other than X ={0}, that is of type less than p;. In
It] Sm1, A is of order g1, so by Theorem 6.1 there are exactly g, linearly in-
dependent solutions of type not exceeding u; and therefore of type equal to
p1. If g2 is chosen in py <qs <ps, A is still of order g in |t| =¢2, SO No new
solutions are brought in until we consider <4 in |t| =<ps. For this case </ is
of order g;+g.. Having already accounted for g; solutions, we now have g, new
solutions (all g;+gs solutions being linearly independent), and these are of
necessity of type equal to us; and so on, until the complete statement of the
theorem is established.

THE PENNSYLVANIA STATE COLLEGE
STATE COLLEGE, PaA.



